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ABSTRACt 



Differential Performance'' of Fourth- Tlhrough Sixth-Grade Students 
^in Solving Open Multiplication and Division Sentences 



^ ] Mary Jane kcMaster - » 

Under the Supervision of Professor J, T^vek Weaver 



4 • , ' The Problem 

f ■ ■ » ' 

The purpose of this study was to find out whether differences 
exist In pupils' performance when solving selected types of open 
multiplication and division sentenclfe^eriv'ed from the form a o b = c. 



Procedure 

Specifically, this investigation sought to find out the differences 
in students' responses to open number sentences when the following 
factors were var,ied: (A) school grade (?, 5, and 6), (B)'the symbol 
for the operation specified in a sentence (x or -fr) , (C) sentence type 
as determined by the symmetric property of the eq^^lity relation 

o b = c verisus c = a o b), (D) the position of the placeholder 
in a sentence (a^, b^, or O > (E) the existence^ non-existenfce of 
an open sentence solution within the set of whole numbers (■ x b = 20 
versus B x 5 = 21), and (F) the largest number being a ba^ic fact 
product or not a basic fact product in open sentences which have n6 
whole number solution (3 x B =25 versus 3 x ■ = 23) • 
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Two distinct kinds of multiplication .and division open stentence 
tests were consttucted and administered to 1^98 fourth-, fifthV, and 

sixth-grade students. from eight schools. Each student was administered 

J 

a 28-item open sentence number puzzle test (l»PT)*and a 14-item basic 
multiplication and division test (BMDT)* / 

The data furnished by all 1298 subjects were corrected and /loded . 
by the investigator. The information was then key punched for computer 
analysis and analyzed by the Fortap Statistical Package. This procLs 
yielded descriptive statistical results. The data furnished by \ 
students who responded correctly to at least four of the five 
nontrivial multiplication items and four of the five nontrivial 
items on the BMDT, were further analyzed by ANOVA dnd Wilcoxen ^ 
Signed Ranks Test. . 

Results 

1. The performance^ level of subjects on open sentences having whole 
number solutions was significantly different between grade 

\^ levels. * , 

2. Jhe performance level of subjects on open multiplication sentences 
was significantly different from tjie performance level of subjects 

* on open division sentences. 

3. The performance level of subjects or) operation-left open^entences 
was significantly different from the performance level of subjects 
on operation-right open sentences. 
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4. The performance level of subjection ojpen sentences was signi- . 
ficantly different for placeholder positions a, b, and £• 

5. Sigirificant interactions existed among the following, factors z % 
grade level, operation, symmetric property, and placeholder 
position., 

6. The performance level of subjects on open number sentences 
which have no whole number solutions was significantly different 
from the performance level of subjects on open sentences which 

. have whole number solutions, 

r 

7. Relative to the open sentences with no whole number solutions, 
there was no significant difference between students^ performance 
level on open sentences in which the largest number was a basic 
fact product, and students' performance level on open sentences 
in which the largest number was not a basic fact product. 

Conclusion 

The analysis was complex to interpret because of the significant 
interactions. There appeared to be a very highJ.nteraction between 
operation division and placeholder position a. Significant inter- 
actions also existed between the following factors: (1) grade and 
operation; (2) grade and symmetric factor; (3^ grade and placeholder 
position; (4) operation and symmetric factor; (5) operation, 
symmetric factor, and grade; (6) operation and placeholder 
position; (7) symmetric factor and placeholder position; and 
Ca^ operationf. symmetric factot, and placeholder position. Caution 
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must be exercised, therefore, In taking an overly simplistic inter- 
pretation of significant differences* between levels of principal 
/ factors . • 



Nevertheless, the evidence warrants the belief that much 



greater attention uaeds to be given to principal factors B, C, D, 
and E In preparation of text materials and In instruc^on pertaining 
to open multiplication and division sentences. 



r 
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Chapter t 
INTRODUCTION 



The purpose of this study was to find out whether differences 
exist in pupils' performance when solving selected types of open 
multiplication and division sentences derived from the form 
a o b c. 

Specifically, this investigation sought to find out the 

differences between fourth-, fifth-, and sixth-grade students' 

responses to open sentences when the following mathematical factors 
/ 

were varied: (a) the operation specified in a sentence [x and -t], 
p)) sentence type as determined by the symmetric property of the 
equality relation [a o b » c versus c = a o b], (c) the position of 
the placeholder in a sentence [■ obi^ic, aoH »c, oraob^H], 

(d) the existence or nonexistence of an open sentence solution within 
the set of whole numbers, e.g., I x 5 •« 20 versus ■ x 5 = 21, and 

(e) the largest number in the sentence being a basic fact product 
or not a basic fact product in open sentences which have no whole 
number solution, e.g., 3 x ■ » 25 Vfersus 3 x H ° 23. 

Previous Research * * 

Weaver (1971) conducted a study which investigated student xr 
responses to open number sentences. The investigation"^ involved 
first-, second-, and third-grade students. The two operations in- 
vestigated were addition and subtraction. Effects of the symmetric 

1 
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property were examined. Weaver Btudied the effect of tfhe -placeholder 

In each of the three positions (■ o b c, a o ■ » c, and a o b » ■ )• 

A partiof the study also investigated the at^iidents* ability to recognize 

open seiiitences which had no whole number solution. Weaver's study 

revealed that differences in students' responses to open nuxnber. 

sentences do exist, ' 
« 

Grouws (1971) also investigated open number sentences. Among 
other things, Grouws investigated the relative difficulty of four open 
sentence types involving addition and subtraction* Ills study sought 
to reaffirm that differences do exist in students' responses to open 
number sentences, and also, by means of an interview technique, to , 
investigate how the students tliought about the different open sentence 
types. ' r ^ * 

.Importance of Open Sentences 

Grouws (1971) discussed at length the mathematical and pedagogic^ 

signi<flcance of "open sentences. The following six statements summarize 

Grouws' discussion of the mathematical Importance of open sentences. 

1* The symbolic nature of open sentences makes them useful 
as an aid In formulating clear and precise statements 
of mathematical relationships. 

^ 2. Collections of open sentences are frequently used to define 
algebraic structures. 

3." The special class of open sentences called equations have 
been-^studled by scholars since antiquity. The result of 
/ this J&tudy is the area of mathematics called the theory of 
t equations. 

' 4. Equations can be used in studying various algebtaic structures 
and^in the study of field theory. 



5. Ecfuatlono and ^hor kinds of open sentences are an integral 
part of the study of many branches of mathematics. 

6. Open sentences play an Important role in mathematical model 
building [p. 2-4]. 

Grouws summarized his discussion of the significance of open 
» 

sentences by stating that: 

open sentences are essential in formulating clear and precise 
statements of important mathematical and physical relationshi^ps. 
Open sentences are important mathematical entities, and they 
are valuable in the construction of mathematical models of the ^ 
physical world [p. 5]. 

I 

Grouws has indicated that open sentences have pedagogical as ^ 
well as mathematical importance. Among the reasons 6rouws discussed 
as the pedagogical importance of open sentences were the following: 

1. Open sentences have been used in elementary school mathematics 
programs since the 1940*8. 

2. The use of open sentences in a specific pattern to assist 
a child in forming a generalization is a widely used in- 
structional'' technique . 

3.1 The use of pairs of open sentences in a similar fashion can 
\ be used to help children "discover" other important relation- 
ships. 



4. Open sentences provide a means by which irtfterdisciplinary 
approaches to many projects and activities/ not usually^ 
studied in a mathematical lesson, can/be initiated. 

5. Open sentences also have important mathematical applications 
which can be ^significant for elementary school children. 

6. Open sentences are important in aiding children to develop 
' mathematical modeling ability. 

7. (^Open sentences are useful in improving verbal problem 

solving [p. 5-8]. 

Heddens (1968) emphasized the importance of open sentences in 
pedagogy by pointing out that "it is virtually impossible to teach 
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mathematics at any level without using inathetnatical sentences 
rp. 335] A» examination of contemporary mathematics textbooks 
reveals that the use of mathematical sentences Is common place 
at all educatrlonal levels' (GrouwSt 1971» p. 5). 

One can hardly doubt the Importance of open sentences in the 
study of mathematics. Open sentences are found in first-grade 
contemporary mathematics programs and continue to be found through 
nearly all phases and realms of mathetaatics* Tliey add both clarity 
and simplicity to the study of mathematics. 

Purpose of the Study 

The purpose of this study was to examine the performance of 
fourth-, fifth-, and sixth-grade studei^s solving open sentences 
of the types in Table 1#1. Were the levels of performance by students 
at each gxkide level significantly different as the open sentence 
types were altered? 

If a student can respond *'elght" when asked the solution to 
16 2 » ■ , it has often been assumed that he knows that number 
fact. However, when it comes time to test students, teachers 
often change the open sentence type presented to the student. The 
reasoning fifeemed""€t) be th^t If the students really kci^ the number 
facts, the opeh sentence type would be unimportant. This implies 
that the difficulty level of an open sentence is determined solely 
by the number combination involved. Ip this is true, then the 
difficulty level of an open sentence is not affected by the open 
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Tabic l.l 
Open Sentence Types Invcstignted 



Opera 

1 

• S ' 

H 


tion 
1 


Operation 


- Operation 


// a X b » ■ 


// ■ a X b 


2 


— 

* a X ■ " c 


^ c a X ■ 

... 1 ii « ■ 1 ■ 


3 


* ■ X b « c 


* c «• ■ ;!C b 


> Division 


4 


* a ^ b " ■ 


* ■ a b 


5 


* a -t ■ « c 


* c « a ■ 


' 6 


# ■ t b « c 


# c - ■ *r b 



* These sentence types were alao used for the no 
whole number solution open sentences.. 

# These sentence types were not liscd for the no 
whole number solution open sentences since any 
whole number assignment to a and b in the 
multiplication open sentences would yield a 
whole number solution. Siroilarly, any whole 
number assignment to b and e in the division 
open sentences would yield a whole number 
solution. 
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oentence type as determined hy the iCift-^right symmetric property 
and the position of the placeholder within the op^en sentence. 

Before the discussion of the problem» it is advantageouj 
t^ clarify th^ meaning of the terms employed in that discussion. 
The 'following defitiitlond were chosen to conform to standard 
UA^ge . 

Definitions of Terms 

' Qpjfin^Ben t cnce 

A mathematical sentence in which there exists one or more 
variables may be called an open sentence. Once the variables ^ 
are replaced by constants, the sentence is either true or false. 
Number sentences can be long or short. For this investigation, 
all the number sentences involved two whole numbers and one 
placeholder. In mat\y cases, a whole number solution existed 
for the placeholder. In others, no whole number solution was 
possible.; 

Numl^ Pugglf^s, Problems » Number Equations 

The sentiences investigated were open sentences involving 
two whole numbers and one placeholder (e.g., 2x1 « 8) . 
Table 1.1 lists each open sentence type studied. Within the 
students' textbooks, these open sentences were often referred 
to as problems, or as number equations. Since students 

* 

sometimes associate problems with work and puzzles with fun 
activities i for this study it was decided to refer to the 
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open oentenceo ao puzzles go qb to be leos detrimental to the 
• students. * 

Sy mmetric Pyoperty — Operation-Left, Operatlon-^Rlght 

Within this Investigation, reference will be made to operation- 
left and operation-right open sentences. Operation-left refers 
to open sentences in which the operation (multiplication or 
division) is on the left of the equality sign J a o b « e. Tlie 
six open sentence types in Column One of Table 1.1 are all operation- 
left. Operation-right refers to open sentences in which the 
operation (multiplication or division) is on the right of the 
equality sign: c a o b. The six open sentence types in Column 
Two of Table 1.1 are all operation-right. 

Placeholder Positions a^ b, and c ' ' 

An opaque box (■) served as the placeholder in the open 
slentencea. Placeholder position a was the posl1:lon immediately 
Xo the left of the operation sign, e.g., open sentence types in 
Rows Three and Six of Table X.l. Placeholder b was the position 
Immediately to the right of the operation sign, e.g., open sentence 
types in Rows Two and Five of Table 1.1. Placeholder £ was the 
position on the opposite side of the equality sign from the 
operation sign, e.g., open sentence types in Rows One and Four 
of Table 1.1. 



Canonical Form 

Canonical form refers to the open sentence form In which, the 
placeholder occurs by, Itself as one member of the equation, e.g., 
open sentences types In Rows One and Four of Table 1.1. Generally 
the first experiences th^jitudents have with open multiplication 
and division sentences are In canonical form, and more particularly 
operation-left (see Table 1.1 Rows One and Four, ? Column One). 

. ' • r 

specific Purpose of Study 

This study investigated whether or not differences exist in 
student performance on open number sentences across three grade 
levels — fourth, fifth, and sixth. This investigation also sought 
to find out whether there existed overall differences in student 
performance when the operation was division or multiplication. 
Weaver (1971) cp<fcluded that students performance on basic addition 
and subtraction open sentences was not independent of th(5 operation. 

This study investigated whether or not differences exist in 

student performance on open number Sentences which are operation^ 

right as compared to open number sentences which are operation-left.^ 

Some investigations have been conducted concerning these faqtoro. 

With regard to the left-right symmetric property in connection 

with open addition and subtraction sentences. Weaver (1973) stated: 

The essence of the symmetric property of the equality 
relation - if X ■» Y, then Y » X has been viewed all 

too often as something that is "intuitively obvious" to 
children. Consequently, it often is assumed that if a 
child can cope satisfactorily with statements of equality 



In particular form (X « Y), he then can cope Just as well ^ 
with similar statements expressed in an equivale^nt eynnaetrie 
• form (Y ^ X)^ . ' 

Findings from the investigation reported here wojild seem to 
raise some doubt about the validity of suc^h an assumption^" 
, Equivalent symmetric' forms of open sentences derived from 
a o b " c and e » a o b were not solved equally well [p. 56] • " 

Specifically this investigation sought to find out whether 
differences exist in, performance in solving multiplication and 
division open number sentences when the open sentence type as 
determined by the symmetric property of the equality relation was 
varied. Was the performance level on operation-left sentences 
(i.e., 2 X A ° B ) significantly different from the performance 
level on operation-right sentences (i.e., ■ " 2 x 4)? 

Did the poiJition of the placebo Id er^n an open sentence appear 
to make a difference in student performance? For instance, were 
the performance levels of students to these three open sentence 
types significantly different: ■ x 3 » 12, Ax ■ »^ 12, and A x 3 « B? 
Studies by Weaver (1971), Grouws (1971), and Suppes (1972) all in- 
dicated that the position of the placeholder did make a significant 
difference in students* performance level of correct responses given 
to open addition and subtraction sentences. * 

Were students sensitive to open sentences which had no whole 

number solutions? students realize that 3 x ■ « 7, for Instance, 

had no whole number solution? Within a previous study. Weaver (1972) stated: 

It is neither sufficient nor desirable to restrict instruction 

with open sentences to examples for which whole-number 

solutions invariably exist. The inclusion of "no solution" 

inatancee will facilitate rather than inhibit pupils^ ability 

to work comprehendint;ly with open addition and subtraction sentences. 

2n 



It lo important to cmphaQi?>e the lef t~to«right order of 
readlnfj number sentences (open or closed). . . . analogous 
convictions apply in connection with the operations of 
multiplication and division ... [p. 691]. 

In the present investigation, the set of op*en nUn^be^ acntences 
with no whole number solutions was divided into two parts* One- 
half involved open sentences in which the largest number was not a 
basic fact product, and the remaining one-half involved open 
sentonceo in which the largest number was a basic fact product. 
For example, 3x1 "IS was Improvised from the number combination 

3 X 4 ^ 12 to offer an instance of an open sentence in which the 
largest number was not a basic fact product. The number ^^t 

4 X 5 20 was utilized to derive 4 x B 21. In this case 21 
was a basic fact product. If the students have never seen the 
products (quotients) among the basic facts, then thos{^ open 
Sentences might have received "N" responses more often than ther 
no whole number solution open sentences that involved basic facts 
numbers. 

Answers to questions such as the above are necessary for text- 
book writers, teachers, and teacher educators. If significant 
differences exist, then it is necessairy that these groups be made 

aware of the differences and prepared to deal with them. Textbook 

> 

writers could incorpprate more or fewer experiences with the 
different types of open number sentences. Teachers could offer 
more experiences with these different open sentence types, as well 
as more stress and meaningful instruction when dealing with them. 

4 

2{] 



Teacher educators need to make future teachers aware of the differences, 
vatloue method^ to approach' the teaching of theae opeii {sentence typesj^ 
and the difficulties students might encounter when ponfronted with 
these various open sentence types. Teacher inservlce classes^ need to 
study significant differences In students responses and discuss methods 
and Ideas that might be effectively employed to achieve the^eslred 
outcomes. . ^ 

Background of the Problem'-^'-Related Research 

, The mojBt exhaustive study condiicted to date concerning grade levels 
operation, symmeH^lc properi:y/and placeholders was done by Weaver 
(1971). The Investigation Involved 3,268 first-, second-* and third- 
grade students from 23 schools in Madison, Wisconsin. The two operations 
investigated were addition and subtraction. Effects of the sj^mmetric 
property were exdmihed. Weaver studied th^ effect of the placeholder 

I ■ . 

in each of the three pQsitlons (■ ob"c, ^oB^^c, and a o b » ■ )• 

A part of the study also investigated the students* ability to recognize 
open sentences which had no whole number solution. 

^ Weaver distinguished 20 types of simple open addition and sub- 
traction sentences involving whole numbers. These have been classified 
in Table 1.2. A 32-item inventory was established with each item* 
being one of the 20 types of open sentences. The study was done 
within the set of whole numbers, and more specifically employing basic 

cm \ 

facts having sums between 10 and 18. Basic f^cts were described by 
Weaver (1971) in the following way: ^ 

Si 
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Table 1.2 

^ Examples of Twenty Open Sentence Types Employed in Weaver Study 









SYMMETRIC PROPERTY OF EQUALITY 








Operation-left 


Opercttion- right 




a 


* 


^ a o b " c 


c oh 

/ 


Open Sentence Types 


for Which Whole Number Solutions Exist 




u 

0 

•H H 


a 


1 + 2-3 


3-1 + 2 




U 0 










•H ^ 


b 


1 +■ « 3 


3 " 1 +1 


Operatic 




c 


1 + 2-1^ 


* ■ - 1 + 2 


:tion 
Lon o: 


a 


■ - 1 « 3 


3=1 - 1 




CO u 
U 


b' 


4-1-3 


3 = 4-1 




^ CO 










^ 0 
CO 


c 


4-3*1 


1 " 4 - 3 


Open Sentence Types for Which No Whole Number Solutions Exist 




Lon 
lder 


a 


■ + 4 « 2 


2 = 1+4 




4J 0 








a 


0) 

< CO 


b 


4 -hi « 3 


3 » 4 + 1 


u 

rA 




c 


X 


X 




:tion 

Lon o: 


a 


X 


X 


A. 


w -n 
CO U 
U •H 


b 


4 - 1 » 6 


6 = 4-1 




CO 


c 


3-5=1 


1=3-5 



X indicates no open sentence is possible (i.e., any open sentence 
of this type would have a whole number solution) . 
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A basic addition fact jnay be viewed as a statement of the 
form a + b c, where a, b, and c are whole numbers such 
that a < 10 and b < 10; thus, necessarilyr C < 18* Similarly, 
a basic subtraction, fact may be viewed as a statement of the 
form a - b « c where a, b, and c are whole numbers such that 
b < 10 and c < 10; thus, necessarily, u < 18, since a c + b 
[p. 513]. ' . 



Results of, the Weaver StuiBy 

The performance level on the 32-item inventory increased 
from grade 1 to grade 2 to grade 3, as can be seen In Table 1.3 
(Weaver, p. 516). 

Table 1.3 
Mean Correct Responc^s 
^ on 32-Item Inventory (Weaver Study) 



Grade Level Mean' 

r— — ■ ■ — — 

1 12*8 

2 19.1 

3 22.5 



The performance level was higher for addition^ sentences than for 
subtraction sentences within each grade. Table 1.4 indicates the 
means by grade for both the addition and subtraction sentences. The 
performance level on the addition sentences increased from grade 1 
to grade 2 to grade 3. The performance level also increased on the 
subtraction sentences from grade to grade. 



29 



^ Table 1.4 
Student Means for Addition and Subtraction Sentences 

(Weaver Study) , 



Mean on Addition Mean on Subtraction 
Grade Lever Sentences Sentent^es 

(16. Items) (16 Items) 



1 7.3 5.5 

2 . 11.1 8.0 

3 13.1 9.4 



Ad can be seen from Table 1.5, the performance level on the 
operation-left and operation-right sentences Increased from^ grade 
to grade. The performance lev^l was consistently higher for the 
operation-left sentences. 

Table 1.5 
Student Means for Operation-Left 
and Operation-Right Sentences (Weaver Study) 



Grade Level Operation-Left Operation-Right 
(16 Items) (16 Items) 

1 7.5 ' 5.3 

2 10.7 8.4 

3 11.8 10.7 
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Table 1,6 indicates the mean correct responses on open 
sentences having placeholders in different positions. The per*- 
formance level for each of the three placeholder positions 
increased fyom grade to grade. The performance level was 
consistently lowest for placeholder a. The perfonnance level ' 
was highest for placeholder £. - 

Table 1.6 

Mean Correct Responses on Open Sentences Having Placeholders 
in Position a, b, and £ (Weaver Study) 



Grade 
Level 



Position of Placeholder 



Mean Per Cent 
(10 Items) 



Mean Per Cent 
(12 Items) 



Mean Per Cent 
i(10 Items) 



X 
2 

t 

3 



i 



2.7 
5.9 



27 
47 
59 



5.2 
7.7 
9.0 



43 
64 

,75 



4.p 
6.7 
7.6 



49 
67 
76 



Table 1.7 indicates the mean correct responses on some open 
sentences that do and others that do not have whole-number solutions. 
As can be seen, there was a tendency for the perfonnance level on 
whole number solution sentences to increase from grade to grade. 
There was a very slight tendency for the performance level on 
sentences having no whole-number solutions to increase from grade 
to grade. ' >. 
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' «■• 
Table 1.7 

Mean Correct ReSiponses on Open Sentences That Do Have Whole-Numbei? 
Solutions and Others That Do Not Have Whole-Number Solutions 

(Weaver Study) j, 



Grade 
Level 


0 

Sentences Having Solutions 
Within the Set of Whole Nos. 

Mean (24 Items) Per Cent 


Sentences Having No Solu- 
tion Within the Set of 
Whole Nos. 

Mean (8 Items) Eer Cent 


1 


9.5 


40 


3.3 . 


41 


2 ^ 


15.3 


6i 


3.8 


.48 


3 


18.4 


77 


4.1 


51 



From these results Weayjer (1973) made the following conjectures: 



i 



^ 1. It is likely that performance is not independent of 'open- 
/ sentence form as determined by the symmetric property of 

the equality relation. 



^ ■ 

^ 2. It is likely that performance also is related to one or 
more of the following factors: 



grade level (indirectly an indicator of relative 
amount of experience with simple open sentences): 

the operation used in the statement of an open sentence; 

I the position of the placeholder in an open sentence: 

the existence or nonexistence of an open-sentence 
solution within the set of whole nunlbers. 

3. It is likely that some interactions exi^t - 

j 

a. between (1) above and some aspect (s) of (2) above, and 

b. among aspects of (Z) above [p.. 55]. 



32 



17 

GrouwB* Research With Rcepeet to Difficulty of Vatlous Open Sentenco 

Grouws' (1971) investigation continued from Weaver's (1971) 
study. Weaver's 8tu<iy revealed that differences in students' responses 
to open number "sentences do exist. Grouws' study sought not only to 
reaffirm that differences do exist in students' responses to open 
number sentences, but also, by means of an interview technique, to 
investigate hdw the students thought about the different open sentence 
types. 

Among other things, Grouws (1971) investigated the relative 
difficulty of four opAi sentence types involving addition and sub- 
traction. The four open sentence types studied were a + N ■» b^ 
N + a'^bya-N^b, and N - a » b. Thirty-two subjects were 
randomly selected from a pool of 9 third-grade classes in Madison, 
Wisconsin. Each subject was individually given a 16-item test in 
an interview situation Each interview lasted approximately 33 
minutes. The 16 open sentence types on each student's test were 
completely crossed and balanced with respect to the three factors 
Grouws was investigating: open sentence type, number size, and 
context. Table 1.8 indicates the percent of correct responses for 

each open sentence type. One may conclude that the subjects in the 

If'' ' 

Grouws study gave the correct response mucih less frequently for the 
sentence type N - a = b than for the other three sentence types. 
These results were consistent with the results from Weaver's study 

(1971). 

I 



TmHle 1.8 
Percent Correct Responses 
for Each Open Sentence Type Investigated 
(Grouws Study) 



open Sentence Type 


N + a - b 


a + N - b 


N - a - b 


a - N ■ b 


Per Cent ^ 


60% 


65%. 


37% 


62% 



Grouws also Investigated the effect of number size in solving 
open sentences. One half of the open sentences Involved basic facts, 
while the second half involved two-digit Combinations* The' whole 
numbers used in the basic facts open sentences were each less than 
19, The whole numbers used in the open sentences involving larger 
numbers were greater than 20 and less than 100* For example, 13 - N ' 
is an open sentence involving basic facts. 63 - N « 24 is an open 
sentence involving two-digit combinations. Seventy-eight percent 
of the subjects gave the cprrect responses to the open sentences 
involving the basic-facts combinations. Thirty-four percent of the 
subjects achieved the correct responses to the open sentences 
involving two-digit^ number combinations. From this one may conclude 
that the size of the numbers involved in the open sentence had a 
direct bearing on the difficulty level of the open sentence. 
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Grouwa also Investigated two contexts which he called symfealie 
and verbal-symbolic. A representative. problem in the symbolic 
context was an open sentence. A problem in the verbal-symbolic ^ 
context required both an open sentence and a verbal problem appro- 
priate to that particular open sentence. Half of each students 
problems were in the symboiiCr context. The results ii^dicated no 
significant difference in pi^f f ormance level listed when an appro- 
priate verbal problem was preaent in an open sentence solving task. 

Suppes' Research Involving Open Sentence Difficulty 

While Suppes (1972) was not directly investigating the diffi- 
culty of various open sentence types, there were some measures of 
difficulty of various sentence types embedded within his 1966-68 
Stanford mathematics programs in computer-assisted instruction. 
Students participating in this drill and practice computer-assisted 
program were exposed to open sentences involving all four operations 
vertical and horizontal format, canonical and noncanonical format, 
and differing number sizes. The placeholder appeared in all three 
positions, a, b, and c. For example, in their earliest experiences 
with addition and subtraction, subjects saw such open sentences as 
2+0=?, 2+?= 3, 4-3-?, and ?-4=0. Multiplication 
first appeared in grades two and three in a horizontal format in 
both canonical and noncanonical problems and with a maximum product 
of nine. The maximum product was 81 for students in grades three 
•and four. In grades five and six the maximum product was increased 
to 144. 
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Multlplleatlon probletos in a vertical formt were presented in ' 
the third grade with both one-dlglt by one-dlglt and one-dlglt by 
vtwo-dlglt prableias* By thte sixth grade the problems were more 
complex with muljtipllcatlOn of a three^^dlglt number by a two-^diglt 
number (p.'^33)* Problems appeared as 2 x 3 ■ ?, ? x 2 ■ 16 and 
9 X ? 36. In the examples given , the placeholder appeared in all 
three positions^ Also, most of the^ horizontal problems were 
up^ratl on-left. 

Division was first presented to the students in a fractional 
t^fhxl Each open sentence had a whole numtber solution , The place- \ 
holder appeared in any^one of the three positions. (For example, 
15 / 5 - ?, ? / 3 - 7, and 18 / ? - 9.) After the students had 
completed problems such as 4)28 ■ ? with the response 7, they saw 
one of the following -4x7-?, ? x 7 - 28, or 4 x ? - 28, and 
filled in the blank. 

Open number sentences^ involving decimals were presented in 
operation-right form. For example, .Q9 - 9 / ? and 0^ 35 - ? / 100 
were 1:wo such open sentences. 

Within grade one, Suppes found the average probability 

correct as a function of sentence type (see Table 1.9). Suppes ranked 

39 open addition sentences of various types by difficulty level 

according to/ highest percentage of correct responses given by second- 

grade students. With one exception, the first 21 rankings were 

operation-left and in canonical form. These receiyed correct responses 

from 89% to 98% of the time. 2 + 4 » ? was ranked 1 and received 98% 

« 

3G 
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Table 1.9 

Average Probability Correet~Grade 1 
(Suppes Study) 



Form 


Pretest 


Posttest 


Canonical 


a 


.95 


.95 




a + b - ? 


.95 




Noncanonlcal 


a + ? - c 


.87 


.93 




? + b - c 


.82 


.92 



^ correct responses while 4 + 2 >• ? was ranked 21 and received corject 
responses 89% of the time. Among the next nine in ranking difficulty, 

all were operation-left, one was in canonical form, five had the 

\ 

.placeholder in position, and three had the placeholder in a position. 
Ranked 30 was 3 + ? ■= 10 with observed success response of 73%. 
Rankings 31-39 were assigned fco problem type a + b » c + d with the 
placeholder always in position £ or d. These were successfully 
answered from a high of 64% of the time down to 9% of the time. 
2 + 7 ? + 4 received rank 39 and was successfi^ily answered only 
9% of the time. 

Tlii^ same type analysis was done again in second grade with 
subtraction problems. Similar results followed. The first 26 out of 

y 

47 rankings were operation-left in canonical form except for two examples 
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in which the placeholder was in the b_ position. Percentage correct 
ranged from 99% to 88X. Of the 6 problens^aasigned rankings 27-32, 
four had the placeholder In the b position and only two were in 
canonical form, 10 - ? >• 3 was assigned rank 32 and* answered 
correctly 70% of the time. ? - 4 « 3 was assigned rank 33 and 
answered correctly 44% of the time. Problems assigned ranks 33-47 
were all of two forms, ?-'5«2andlO-4«"?-l. 7-2«?-S 
was assigned rank 47 and answered correctly only 4% of the time. 

The above student achievement patterns were consistent through- 
out the grades investigated* Suppes concluded: 

The variable PB (placeholder) made^ a significant contribution 
to the prediction of performance in 10 of the 14 predictions, 
reflecting the fact that problems in canonical form were 
easier than those for which some kind of transfo|:mation was 
necessary [p. 74]. 

Although there have been other investigations pertaining to 
multiplication and division, these have focused more exclusively on 
the learning 9r relative diffi!culty of basic facts (e.g., Brownell & - 
Carper^ 1943) or on algorithms associated with these operations 
(e.g.. Van Engen & Gibb, 1956; Grdmer, 1974). Such studies did not 
investigate factors such as placeholder position and symmetric property 
of equality that are of concern in the present study. 

t!on9].u8lon 

.From a synthesis of the previous studies, the follow54ig conclusions 
could be formulatedi! 
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1. The majority of the reportjed Investigations Involving grade 
effect, the symmetric property, and placeholder position 
have been concerned with the operations of addition and 
subtraction* 

2, Subjects have been primarily from grades one, two, and three. 
3» Operation-^left and operation-right open sentences are not 

of the same degree of difficulty for students^T ^ 

4, The position of the placeholder within an open sentence appears 
^to effect the subjects^' performance. 

5. r In general, students have not had extensive experiences with 

open sentences which have no whole number solutions. 
Most of the previous research regarding open sentences has, involved' 
the operations of addition and subtraction. It therefore seems that 
research involving the operations of multiplication and division is 
needed with respect to open sentences. These conclusions and the 
previous discussion provide incentive for investigating several 
questions. 



Principal Questions Investigated in the Study 

1. Are there differences in students' performance across three 
grade levels — fourth-, fifth-, and sixth-grade? 

2. Are there differences in students' performance when the 
operation is multiplication as compared to division? 

3. Are there differences in students' performance when the 

o 

symmetric property is applied? 



4. Are there differences in studenta' performance when the 
placeholder is in the a, b, or e. position? 

5. Are there differences in studenti3' perfonnanee when the 
open sentence has a whole number solution* versus the open 
sentence which does not have a whole number solution? ^ 

6. Are there differences in students' perfonnanee to no 
whole number solution open sentences in which the largest 
nuniber is a basic fact ^product and those in which it is not 
a basic fact product? 

Questions of Secondary I nterest . 

7. How frequently will students indicate no whole number solutionr 
exists to open sentences which have whole number solutions? 

8. How often will students erroneously employ the inverse of the 
operation indicated? 

9. How frequently will students respond with a number quite close 
to the correct solution? 

10. How often will students perform ^he specified operation "across 
the equality sign?" For example, how often will subjects 
respond 138 to the open sentence 8 x ■ «=> 16? 

11. How frequently will students perform the 'inverse operation 
"across the equality sign?" For example, how often will the 
open sentence 15 -f ■ "3 receive 45 as the response? 
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Chapter II 
THE STUDY 

In order to obtain information to ferret out possible differences 
in student responses to open number sentences, tests^were administered 
to fourth-, fifth-, and sixth-grade children. These tests consisted 
of multiplication and division open sentences in which the unknown 
value was replaced by an opaque box (■)» 8^ + 2 = B and 7 x ■ « 21 
are examples of a division open sentence and a multiplication open 
sentence respectively. To make the tests more appealing to students, 
these open sentences ^ were referred to as number puzzles. The students 
were to indicate for each number puzzle, the whole number that was hiding 
under the box, or mark "N" to' indicate, that no such whole number existed. 

Specifically, this investigation sought to find out what differences 
exist between fourth-, fifth-, and sixth-grade students', responses to 
open sentences when the following mathematical factors were varied: 
(a) the operation specified in a sentence [x and -^], (b) the 'sentence 
type as determined by the symmetric property of the /equality relation 
[a o b = c versus c = a o b] , (c) the position of the placeholder in 
a sentence [■ o * = c, a o p = c,' or a o b = ■ ] , (d> the existence or 
nonexistence of an open sentence solution within tTie set of whole numbers, 

) ■ ' ' ' ' 

fxid (e) the largest number being a basic fact product or not a basic - 
^fact product in open sentences which have no whole ntimber solution. 
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The Testa 

r • " 

Two distinct types of tests were designed' to administer to subjects 
participating in this study. Each student will respond to a 28-item 
open sentence number puzzle test and a 14-ltem basic multiplication and 
division test. The 28-item open sentence Number Puzzle Test will be 
referred to as NPT. The 14-item Basic Multiplication and Division Test 
will be referred to as BMDT. 



The Number Puzzles Test (NPT) 

Based Upon the three factors — the sign of the operat:i,on specified 
in the open sentence, the symmetric property of the equality relation, 
and the position of the placehplder in the sentence, -the 12 generic 
open sentence types Identified in Table 2. lean be generated. These 
sentence types are the multiplication and division counterparts of the 
addition and subtraction open sentences employed in the Weaver (1971) 
study. 

Table 2.1 * - ^ 

Generic Open Sentence Types Investigated 



4 

axb=B, axB=c Bxh^c 

■ ,faxb c = axii c=|xb 
a-frb=B a*B=c ■♦b=c 

■ ^^a-frb c^^^a-f^H c»|-fb 
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As the existence or non-existence of a solution within set W Is 
considered with the 12 generic types, 20 particular opem sentence 
types are' identified ^see' Table 2.2). It should be noticed that ther6 
were four cells in which no entry was pdssible. Two of these cells 
were generated by the generic type a x b - B and Its symmetric formf 
U === a X b. Since for any whole numbers a and b there always exists 
a whole number solution, the intersection of these generic typea with 
non-existence of a solution Is empty. Similarly, ■ -i* b « c and 
c « ■ -e* b must always have whole number solutions since given c and 
b whole numbers, their product must necessarily exist and be a whole 
number. 

If the numerals 2 through 9 are assigned to a and b, respectively, 
64 multiplication combinations can be generated. Sixty-four division 
combinations can be generated by reversing the order of thie digits in 
each multiplication combination. 

Multiplication and division combinations In which values of zero 
and one were assigned to a and b have unique problems associated with 
them. Any multiplication combination in which b is assigned a value 
of zero will not yield a division open sentence by the preceding method. 
For example, 7x0=0 becomes 0 0, which is undefined. Multiplication 
combinations in which a or b are assigned a value of one are probably 
the most familiar to children. It was decided that these combinations 
(multiplication combinations in which one or zero is assigned to a or 
b and the division open sentences derived from these multiplication 
combinations) would not be a part of fhe formal investigation but could 
be utilized effectively as familiarization number puzzles on the 



Table 2.2 

Open Sentence Types for Number Puzzles Test (NPT) 











« 






Generic Form 








A Solution Exists Within W? 














OX up en 






Yes 




No 






Test- 


■Number on Test 


Type 


Test-Number on Test 


1« a X b 1 


W-1 


1-1 




3 




« 






2 




2 










o 




2 






* 








3 . 






2. B » a X b 


W-2 


1 




3 










2 




2 










o 




2 




• 










3 i 

■ 






3. a X ■ » c 


W-3 


1 




1 


N-3 


1-1 






2 




3 




3-1 






3 




1 




* 






4 




2 




















4. c - a X ■ 




1 




1 


N-4 


1 - 1 






2 




3 




3-1 






3 




1 










4 




2 




















5, ■ X b » c 


W-5 


1 




2 


N-5 


2-1 






2 




1 - 




4-1 






3 




3 










4 




1 














i 






&• c ■ X b 


W-6 


1 




2 


N-6 


2-1 






2 




1 




4-1 






3 




3 










4 




1 


















•5. 



# — no entry 

W — whole number solution exists 
N-—no, whole number solution exists 
* — table continued on next page 



44 



Table 2.2 (Continued) 
Open Sentence Types for Number Puzzles Test (NPT) 



29 



Generic Form 
of Open 
Sentence 



A Solution Exists ^i^hln W? 




# — no entry 

W~whole number solution exists 
N — no whole number solution exists 
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introductory cov^r sheet • Since this study was concerned with the 

basic facts, 10 was *not assigned to a or b In any multiplication 
♦ 

Ik 

combination. 

The doubles combinations form a small and unique subset of the 
set of all basic multiplication combinations. Since ph^ doubles are 
not quite like the multiplication combinations In whi^rh a b, the 
investigator decided to eliminate both the eight multiplication* 
combinations in which a " b and the corresponding eight division 
open Sentences. / , 

This process yields 56 multiplication facts and 56 division 
facts- , These 112 facts prodticed were partitioned into four groups 
of 28 items. Each group of 28 items produced the number facts for 
one of the four forms of the Number Puzzle Test. The four forrms of 
the NPT will be referred £o as NPT-1, NPT-2* NPT-S, and NPT-4. The 
systematic indicated assignment of each number combination to one 
of t?he four NPT and the generic tjrge assignment to each number com- 
bination within each NPT (i.e., 1-28), was sunmarized in Appendix A. 

The 56-multiplication facts were each assigned to one of the four 
NPT' in an attempt to avoid creating the opportunity for a student to ^ 
utilize the solution of one open sentence to aid in solving another 
open sentence. The d and b number assignments that generated the 
multiplication open sentences for NPT-1 were also employed to generate 
the 14-divi8ion open sentences for NPT-3. Similarly, the multiplication 
facts used in NPT-2 were used for the division combinations for NPT-4, 
NPT-3 multiplication facts to generate the NPT-1 division facts, and 
NPT-4 multiplication facts to generate NPT-2 division facts. Goiis 
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assignment procedure yielded the four NPT, each composed of 
multiplication and lA-divlsion open sentence^. 

In order to generate ^some open sentences with no whole number 
solutions, two'-multiplication and two-division qpen sentences were 
selected from each of the four NPT, These open sentences were each' 
altered so that 1^0 corfect whole number solution was possible. The 
product (or dividend in division open sentences) in each open sentence 
was either increased or decreased by one. Within each NPT, one 
multiplication and one division open sentence were altered such that 
the product and the dividend were numbers corresponding to some basic 
fact. Similarly, the remaining two multiplication and division open 

- r 

sentences with no whole number solutions were altered such that the 
"product" and "divi4end" were not numbers found among the basic facts. 

Por example, NPT-1 had the following two multiplication facts 
assigned to the "no whole number solution" category: 6 x 7 ° 42 and 
7x3= 21. The first was changed to 6 x 7 ^ 43 (not a basic fact 
number — NBF) and the second to 7 x 3 = 20 (BF). Twenty is a produdt , 
of the basic fact 4x5, while 43 is not {:he product of any basic fact. 
This distinction was made to help find out whether subjects cue on 
the basis of never having seen the number among 'the basic facts, 
therefore, there must be no whole number solution.^ 

Each number combination was rewritten to correspond to the open 
sentence type to which the combination was Assigned. These open 
sentences were then randomly assigned to positions 1-28 within each i 
of their resjpective NPT. The resulting four NPT are indicated in 
Appendix B; 
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Baalc Multlprllcatlon and Division Test (BMDT) 

Questionable Information would have been gained when open sentence 
types were varied If the students did not know the basic facts. For 
this reason It was desirable to find out whether or not the students 
originally could produce the .correct response when askpd some mbltl- ^ 

plication and division facts. Each student was given a Basic Multiplication 

■ i> 

and Division Test (BMDT). In order to obtain this measure and yet keep 
this part of the test short, each BM)T was composed of flvje randomly 
selected multiplication facts and five randomly selected division facts 
taken from the next higher NPT (i.e., BMDT-1 number facts were takon 
from NPT-2). The number facts for BMDT-4 were tg^en from NPT-1. These 
10 number facta along with four additional number facts involving the 
number 'one' comprised the 14 item BMDT each student worked. The 
ntimber facts involving 'one' were chosen to offer some success experiences 
afnd to make the BMDT appear to be somewhat different from the NPT. 

The 14 number facts for each BMDT were then randomly assigned to 
positions 1-14 on each of their respective BMDT. The resulting number 
combinations assigned to each BMDT are indicated in Appendix C. 

Since there were two parts to each student's test (NPT and BMDT), 
the risk of learning was present. For example, the first half of the 
test might have possibly affected student responses to the second 
half of the test. To balance for this effect, half the tests were 
printed with the BMDT first followed by the NPT, while the remaining 
half of the tests were printed in the reverse sequence. This did not 
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eliminate any possible effects of the first part of the test on the 
second part, but it did at least balance them. There were four forms 
of the NPT and two sequences for each form. This determined eight 
distinct test sequences. " 

If the students had In their possession both halves of the test 
simultaneously, information from one part could have been utilized 
to answer open sentences on the remaining part. To avoid this problem, 
each student was to raise his hand after he had completed the first 
part of the test. At this time the test administrator or teacher 
collected the first half and gave that student the appropriate second 
half. The eight test sequences were color coded to facilitate test 
administration. 

If the students responded correctly to the BMDT, one might suspect 
incorrect responses on the NPT were due to changes in the open sentence 
types. If the students did not reach a satisfactory performance level 
on the BMDT, however, it would have been difficult to determine whether 
incorrect responses on the NPT were attributable to lack of knowledge . 
of the basic facts or to the variations in open sentence types. Fpr 
this reason a cut-^ff point was established for part of the analysis 
of the data. ^ Summary and descriptive analyses were employed on all 
the data. After these preliminary analyses, data on subjects missing 
more than one multiplication open sentence or more than one division 
open sentence on the BMDT were set aside in order that the multivariate 
tests could be performed on subjects classified as competent in 
multiplication and division. 
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The Instructions to SubjectQ 

In an investigation of this sort it was imperative that the 
subjects be familiar with the symbols involved. Any new or unfamiliar 
notation needed to be explained clearly. In addition, the directions 
needed to be clear and the set of numbers the students were to work 
with needed t6 be emphasized. In order to accomplishN^e above, an 
introductory cover page was designed (see Figure 2.1). Xll students 
had the same material on »their cover pages. The test administrator 
verbally worked through the cover page with^each grpup that participated 
in the investigation. ^ 

The test administrator discussed with the students what was meant 
by a "number puzzle." The test administrator asked what the following 
symbols represented: "x," "-t," and "»." The last symbol was introduced 
as "box" (■). It was explained to the students that this symbol was 
to be considered as a box and that there may or may not be a whole 
number hiding under the box. They were to decide whether or not t-hf^.re 
was a whole number under the box. If they could think of such a whole 
number, they were to write it on the line at the right of the number 
puzzle. If they could not think of any such whole number, they were 
to write "N" on the line at the right of the number puzzle to indicate 
that no such whole number existed. 

The test administrator asked the students what whole number was 
hiding under the box between 7 and 9, between 10 and 12, between 15 
and 17, and under the box following 20. It was emphasized that the 
whole numbers included the set {0, 1, 2, 3, 4, . . .}. The students 
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MY NAME IS 



Male/Female 



SCHOOL 
GRADE 



Math Teacher 



NUMBER PUZZLES 



' 0 


1 


2 


3 4 5 


6 


7 


■ 


9 


10 


■ 


12 


13 14' 15 


■ 


17 


18 


19 


20 


■ 


• • 


• • 










THE 


SET OF 


WHOLE 


NUMBERS: { o, 1, 


2, 3, 


4, . 


• • } 





Decide which whole number is hiding under the box. Write the 
whole number hiding under the box on the line. If there is no 
whole number,^ write N on the line. 



a* 


55, < 


■ 


< 57 


b. 


72 < 


■ 


< 74 


c. 


99 < 


■ 


< 100 


d. 


■ 


X 1 


= 6 


e. 


1 V 


■ 


= 7 


f . 


8 - 


0 X 


■ 


g- 


6 V 


2 = 





Figure 2.1. Cover page** for number puzzles 
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worked sample puzzles "a through g" together with the test administrator. 
The test administrator read the puzzles aloud and the students offered 
verbal responses. None of the responses were acknowledged as correct 

r 

or Incorrect, The responses from the test administrator were consistently 
to the effect, "You decide what you think the correct answer Is and 
write that answer on the line at the right of the puzzle." It was 
anticipated ^ that In working example c. (99 < ■ < 100), many students 
would sense readily that the correct response was "N." The test 
administrator hsked "How about 991-?" If the students agreed that the 
answer 99|> would be a satisfactory response to example c, the test 
administrator explained to the class that numbers with fractions attached 
as part of that number were not whole numbers. The students completed 
the sample puzzles "d through f," writing whichever response they 
thought was correct on the line at the right of the puzzle^. 

* 

The Pilot Study 

A pilot study was deemed necessary to answer the following questions: 

1. Was a multiplication and division open sentence test too 
difficult or too easy for fourth- through sixth-grade level 
students? ^ 

2. Was a 28 Item test an appropriate length, and approximately 
how long would It take the students to respond to 28 open 
sentences? 

3. Were the test directions cleat to the subjects? 
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The .pilot study also gave the test administrator experience In ad- 
ministering this Instrument to students. 

The test (NPT and BMDT) was administered to a group of 22 fifth- 
grade female students In Madison, Wisconsin In February, 1974, Based 
on the performance of the fifth-grade student^, the test was conslde'ied 
appropriate for the fourth through sixth grades. The test took most 
of the students aboutf^O minutes with the slowest subjects completing 
the test In about 20 minutes. Since the directions and Introductory 
work required about 5 minutes. It was decided that to administer the 
test to an Intact classroom one should allocate approximately 30 
minutes. The 'pilot study results Indicated the subjects followed 
directions and responded to the open sentences In an appropriate manner. 

Thfe results of this pilot study were summarized In Appendix D. 
The division open sentences with the placeholder In a position (both 
operation-left and operation-right) were answered incorrectly more 
often than any other open sentence type. 

\ 



The Sample! 



It was desirable to have subjects selected from a population 



to learn. 



uniform mathematics textbook series. This allowed the 



employing c 



investigator to measure more acctilrately the population's opportunity 



Waukesha, Wisconsin waa chosen for this invest igat^ion. 

ft 



Waukesha is an upper middle class socioeconomic suburb of 



Milwaukee, VJisconsin. The community is very supportive of education 



and in turn has a fine school sysftem. The elementary schools are. 



organized around the "neighborhooi 



55 



schools" concept. Of the 26 



38 

elementary schools in the city oystem, eight were chosen to participate 
in this study. These eight schools were selected by the Waukesha math 
coordinator, the assistant inath coordinator, and the investigator. The 
initial four schools were picked at random. The remaining four schools 
were selected in an attempt to balance the sample so that both large 
and small schools wQMe represented as well as schools from higher- and 
lower-socioeconomic areas. These eight schools were considered 
representative of the city school system. At the time of the study. 
Elementary Mathematics by Harcourt, Brace and World, 1966, was the 
uniform mathematics textbook employed city wide. 

Those 1298 fourth-, fifth-, and sixth-grade students in attendance 
the half day the test was administered in their school were given the 
test. Table 2^3 indicates the eight schools employed, the number of 
classrooms within each grade, and the ntimber of subjects in each 
classroom. 

it 

Mathematical Background of the Children in the Sample 

Two methods were employed in order obtain some measure of the 
mathematical background of the children in the sample. One method 
employed was an examination qf the textbooks the students used. Th) 
schools in this system have employed the Harcourt, Brace and World 
Mathematics Textbook series (1966) . The investigator tabulated all 
the examples of open sentence types £ - n found within the third- 
through sixth-grade textbooks (excluding word problems). > Grade three 
was included in order to have a t^o-year measure for the fourth-grade 



Table 2.3 

Sample Composition by School and Grade 





School 


Class 


^ — ' n— — 

Grade 


Number of Pupils 
4 Grade 5 Grade 6 


All 


Banting 


1- 


28 


•31 


29 


290 




2 


25 


. 32. 


32 • 






3 


'26 


' 27^ ' 

. i 


33' 


- 


■ 0 




■27 


i — 


r- 




Hadfleld 




27 


23 


29 


163 




2 


* 30 


27 <^ 


27 




Heyer 


1 


25 


14 


2B 


167 




2 


12 


29 


29 • 






3 


— 





30 « 


> 


Quarry 


1 


■ 15 


- 10 


16 


41 


Randall 


1 


29 


20 


25 - 


151 




2 


29 




26' - 




Saratoga 


1 


23 


28 


27 


236 




2 


24 




28 " 






3 


25 


28 


26' 




White Rock 


1 


18 


16, 


24' • 


58 


•Whlttler 


1 


13 


16 


8 


192 






29 


■ . 25 


• 25 






3 


, 28 


24 


24 • 




Total 


433' 


399 


466 


1298 
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students. The frequency of occurrence of each open 'sentence tjrpe Is 

* *• 

summarized in Table 2.4. 

As one can observe from Table 2.4» the students had no textbook 
experiences with open sentence types h, m, and ii. There were very 
few instances of operation-right open sentences. There were no ^ 
expediences with' open sentences having no whole nupber solution. 
Students had experiences mainly vwith open sentence types a[» k» and je^ 
Limited experiences were provided with sentence type Student 
exp^erienaes provided with the remaining (b, d^, Jri* IrJi) sentence 
types were negligible.'' 

Excluding word problems. Table 2.4 Indicates the maximum exposure' 
the students might have had' to each o|>en. sentence ty|>e as furnished 
by the textbooki There was no way of finding out whether the individual 
teachers employed these examples in the text. Also the teachers might 
have introduced supplementary experiences with these various open 
sentence types . • * ^ 

A second method used to obtain some measur^of the mathematical 
background of the children in the sample was to nave the teachers of 
each of the ^3 classes participating in the study fill out a question- 
naire indicating the amount of experience they thought their students 

0 

previously had with each open sentence type. A sample copy of the 
teacher questionnaire is included as Appendix E. Table 2.5 indicates 
the results of the teacher questionnaire. In examining Table 2.5, 
several patterns are noticeable. 
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Table 2.4 

Frequency of Occurrence of Open Sentence Types 
As Found in Mathematics Textbooks 
(Harcourt, Brace, and World) 



Open Sentence Type 


Grade 3 


Grade A 


Grade 5 


Grade 6 


a) a X b = ■ 


X 


0 

X 


X 


. X 


b) ■ ^ a X b 


0 


2 


7 


7 


c) a X ■ c 


35 


35 


A5 


60 


d) c a X S 


0 


0 


0 


12 


e) , ■ X b ^ c 

o 


187 


219 


25A 


125 


f ) c ■ X b 


1 


60 , 


0 


22 


g) ■ * b = c 


0 




2 


6 


h) c = ■ * b 


0 




0 


0 


i) a * ■ = c 


0 


27 


A 


'11 


j), c = a * ■ 


0 


0 


0 


0 ' 


k) a t b ° ■ 


X 


X 


X 


X 


1) ■ = a * b 


0 


0 


A 


3 


in)*« X 9 = 29 


0 


0 


0 


0 


n)# 3 = 28 *^ 


0 


0 


"0 


0 



X — The majority of experiences and drill are involved with 

open sentence types a and k. For this reason the experiences 
for these two categories were not tallied. Excluding word 
problems, this table indicates the maximum exposure the 
students might have had to each open sentence type as 
furnished by the textbook. Numbers were used in examples 
m and n to distinguish no whole number solution examples 
in which c^ is not a basic fact product (as in m) and 
examples in which a^ is a basic fact pr<oduct (as in 

— The four multiplication open sentence types with no whole 
number solutions are grouped together^ and represented by 
example m. • ' . 

* # — The four division open sentence types with no whole number 
solutions are grouped together and represented by example 
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Table 2.5 

Student Experience With Each Open Sentence Type 
(Rated by Teacher Opinion Questionnaire) 



Grades 



Sentence Type Exemplar 4th 5th 6th 





a. 


a 


X 


b =■ 


7 


X 8 ° ■ 


2.72 


2.69 


3.00 




b. 


■ 


o 


0 X b 


■ 


at 5 X 6 


2.33 


2 56 


2 53 




c. 


a 


X 


■ 'S c 


6 


X ■ " 42 


2.00 


2.31 


2.33 




d. 


c 




a X 


35 


= 5 X ■ 


1.83 


2.12 


2.33 




e. 


■ 


X 


b = c 


■ 


X 9 = 63 


2.17 


2.38 


2.40 


n 

4J 


f . 


c 


a 


■ X b 


40 


X 8 


1.94 


2.06 


2.47 




g- 


■ 




b = c 


■ 


+ 9 = 8 


1.61 


1.81 


2.20 


0 
O 
•H 


h. 


c 




■ '^ b 


6 


= ■ + 8 


1.33 


1.69 


1.87 


U 

o 




















i. 


a 




m ^ c 

— !r 


30 


+ ■ = 5 


/ 2.06 


2.19 • 


2.53. 


CO 






















c 




a -^ ■ 


6 


= 42 + ■ 


1.61 


1.94 


2.00 




k. 


a 




b = ■ 


56 


* 7 m 


2.56 


2.62 


2.93 




1. 


■ 




a + b 


■ 


= 35 + 7 


2.00 


2.31 


2.47 



o 

m. Ixb-c 1x9° 29 1.39 1.31 1.60 

O 4J 

CO 00 



n. c - a •* S 3 - 28 ■ 1.39 1.38 1.60 



Note. Spores were out of a total possible of thrfee. A score 

of 1 represented little experience, 2 indicated moderate 
experience, and 3 indicated extensive experience. 



1. Excluding b, ra» and n, the experience scores Increased 
from grade 4 to 5 and S to 6. The downward differences In 

2.» k» B» H ^^'^^ nearly negligible,' being only «03, J03, ^ 
and *08»'and ,01 respectively. 

2. Open sentence types a^ and k were the open sentence types 
used for the majority of the multiplication and division h 
sentences ylthln the students* textbooksl These two open 
sentence types also had the highest experience scores as 
rated by the teachers. 

"3. Open sentence types im and n were not represented In the 

students* textbooks. With one small exception In the fourth- 
grade, these two open sentence types received the lowest 
experience scores. 

4. In all but two cases, the ratings for the operation-left 

* 

sentences were higher than the ratings for the operation- 
right sentences. 
One needs to be cognizant of these Indicators of students* 
opportunity to learn as one proceeds through, this study. If the 
subjects* responses showed significant differences between the 
various sentence types, one ahould ask whether the differences were 

0 

due to Intrinsic 'difficulty differences between the various sentence 

types, students* opportunity to learn, or to a combination of both. 

<^ 

Assignment of Tests to Subjects 

The four tests were printed In eight forms. The forms were 
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billanced so that four forms had the NPT first followed by the BMDT. 
The ^remaining four forms had the reverse sequence, that is, the BMDT 
first ^followed by the NPT. The tests were passed out randomly to 
students. Since the tests were color coded^ it was quite easy to 
arrange it such that no two people sitting close together had exactly 
the same form of thertest. Therefore, copying should not have been 
a factor. 



Test Aiministration 

All the fourth^, fifth-, and sixth-grade students in the eight 
schools selected were tested in the four-day period. May 7th, 8th, 
9th, and 10th, 1974. The schedule was arranged in such a way that 
the test administrator was in each of the eight schools a specified 
half day within that four-day period. Testing usually started 
mornings at. 8:3u and afternoons about 1. 

Two methods were employed to administer the tests. In both 
situations, the d'ame test administrator distributed the tests and 
worked the introductory cover page with all jthe students. In 
situations where time permitted, the test administrator remained 
with the students until they had completed the tests. Within the 
larger schools, several .classes had to be tested within the half 
day allocated. In some situations in which time did not permit the 
test administrator to remain in each classroom until the students 
had finished, the classroom teacher finished administering the tests. 
The tests were all collected at the end of the half day of testing. 
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The Experimental Design 

The design used in this study was a3x3x2x2 factorial design. 
These represented three grade levels, fourth, fifth, and sixth, re- 
spectively, three placeholder positions, a^, b^, and c^,' two operations, 
multiplication and division, and two symmetric forms, operation-right, 
and operation-left. A representation of the design is given in Figure 2.2. 

Data Analyaio 

The data was corrected and coded by the investigator. The information 
was then key punched for computer angrlysis. The data was analyzed by the 
Fortap, DSTAT 2, and Finn Multivariate (Finn, 1967) package programs. 
The Wllcoxen Slgned-Ranks Test was utilized to examine differences between 
responses to the open sentences with no whole ntjmber solutions. 
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*Left Right Left Right 

Multip] ication Division 



* Operation-left means the operation ia on the left of the eqitallty sign 
(a o b ° c). Operation-right means the operation Is on the right of the 
equality £3lgn (c ° a o b), 

# Placeholder a Is alwa^rs to the left of the operation sign, b Is to the 
right of the operation sign, and c Is on the opposite side of the equality 
sign from the opt '^atlon symbol. *^ , 

Note r set W - { j, 1, 2, 3, 4, 5, 6, 7, . . .} 



Figure 2.2. Representation of the experimental design. 
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Chapter III 
DESCRIPTIVE DATA ANALYSIS 

Chapter III is a presentation and discussion of the descriptive 
data analysis. The test was administered to 1298 subjects from 
grades four through six. The distribution of students by grade and 
test form is shown below in Table 3.1. 

Table 3.1 
Number of Students Per Test Form 



Teat 



1 

2 
3 
4 



Form 



A and B 
C and D 
E and F 
G and H 



Total 



Grade 



113 
116 
103 
101 



433 



102 
103 
101 
94 



400 



113 
118 
116 
118 



465 



All 



328 
337 
320 
313 



1298 



As Table 3.1 indicates, the number of students assigned to each of the 
four tests is relatively proportional. 

The NPT was formed from a pool of 112 open sentences. The open 
sentences were divided among the four tests, thereby yielding 28 open 
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sentenceQ for each test. Considering the possible combinations of 

3 placeholders, 2 operations, and 2 symmetric forma, 12 open sentences 

types can be^ generated. Each distinct open sentence type was assigned 

4 

to exactly one cell of a 12 cell matrix (see Table 3.2). 

Table 3.2 

Open Sentence Types Assigned to Each of 12 Cells 
for Number Puzzle Test 





CELL NUMBER 


Placeholder 
Position 


Multiplication 
Operation Operation 
Left Klght 


Division 
Operation Operation 
ilfift Right 


a 


1 


4 


7 


10 


b 


2 


5 


8 


11 


c 


3 


6 


9 


12 



For example. Table 3.2 Indicates the multiplication operation-left 
open sentences with the placeholder In the £ position were assigned 
to cell 3. 

There were nine open sentences In cells 1, 2, A, 5, 7, 8, 10, 
and 11. Cells 3, 6, #9, and 12 each contained 10 open sentences. 
In creating the open sentences with no whole number solutions, two 
open sentences were randomly selected from each cell. Recall that 
open sentence within cells 3, 6, 7, and 10 could not be altered to 
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yield open sentences ^ith no whol^number solutions. Therefore 
the number of open sentences within these four cells remained 
unchanged. The result^^nt number of bpen sentences per c(?ll is 
indicated in Table 3.3. . 

Table 3.3 

Number of Open Sentences Assigned To Each Cell 
on Number Puzzle Test 



Number of Whole Number of No 

Cell Number Solution Whole Number 

Open Sentences Solution 

Open Sentences 



1 


7 


2 


2 


7 


2 


3 


10 


0 


4 


7 




5 


7 


2' 


6 


10 


0 


7 


9 


0 


8 


7 


2 


9 


8 


2 


10 


9 


0 


11 


7 


2 


12 


8 


2 
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As Table 3.3^ IndlcateSt the number of whole number solution open 
sentences varies from seven to ten per cell. The no whole number 

9 

solution cells either contain two open sentences or are empty. 

Each student's BMDT and NPT was corrected by the inyestfigator. 
The responses on the BMDT were marked either correct or incorrect. 
The responses on the NPT were coded with a number 0 through 7. 
The zero code indicated a blank or illegible answer. Code 1 
indicated a correct response. Code 2 was employed when the subject 
responded witl^ "N" to open sentences which had whole number 
solutions. Code 3 was used when the subject employed the inverse 
operation. The subject appeared to have multiplied (divided) while 
attempting to solve a division (multiplication) open sentence. 
For example, code 3 was used when the subject responded 45 to the 
open sentence 15 i- 3 I . Code 4 was used when the subject 
responded with a number quite close to the correct solution. For 
example y 5 x 7 ■ was coded as 4 when subjects responded numbers 
from 28 to 42 exclusive of 35. Code 5 was used when subjects 

? 

performed the specified operation "across the equality sign." 
For example » the subject responded 128 to the open sentence 
8x1 "16, indicating the subject might have considered the 
opon sentence as 8 x: 16 = I • Code 6 was used to indicate the 
subject responded with some numeral not falling into any of the 
above categories. Code 7 was used when the subject performed 
the inverse operation "across the equality sign." For example. 



the open sentence 15 -t U ° 3 received 45 as the response, in- 

dicatlng the subject might have considered the open sentence as 

\ . • , 

3 X 15 ° ■ / " 

After each NPT response was coded with a nui^ber 0-7, the 
resulting data was analyzed by the Fortap Statistical Package 
(Baker, 1969). Appendix F summarizes the response of all student^s 
who completed the KPT. 

The results of the analysis are reported in two parts. The 
first part discusses the results for the whole number^solution^ 
cells. The second patt discusses the results of the no whole 
number solution cells. ^ 

Whole-^Number Solution Cells 

The percentages o^f responses coded 1, 2, and 5 are summarized 
in Tables 3.4 to 3.6^> Each table summarizes the percentage of 
responses to each open sentence that received one particular code. 
Table 3.4 summarizes the percentage of code 1 responses. Code 1 
indicated a correct response was given. As Table 3.4 indicates, 
the percent of students responding correctly to the open sentences 

r 

in cell 1 varied from 85 percent to 96 percent. This percentage 
was fairly representative of all the cells, excluding cells 7 and 
10 in which the performance level was very low. The highest 
percentage of correct responses for any one cell was 97 percent. 
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Code 2 ' 

Table 3.5 summarizes the percent of code 2 responses. The 
subject responded whenv he thought there was no whole ni^nber 
solution. If the open sentence* did have a whole number solution, 
an "N" response was coded "2.." For the six multiplication cells, 
the frequency of -this response was low,- varlng from 0 gercent to 
7 percent. However^ observe the response patterns for cell 7. 
Table 3.5 indicates the percent of *cod^ 2 responses within cell 7 
was 7' percent for one open sentence^id varied from 38 percent to 
54 percent for the remaining open sentences" within that cell. 



' Code 3 

Code 3 the student performed, the inverse operation) is 

not applicable for cells 1, 2, 4, 5, 7, 8, 10, and 11. Generally, 
code 3 was use^ irinf teciuently . Appendix G summarizes the percent 
*of coc^e 3 responses given. - - ^ 

^ Code 4 - . . ' ' 

No unusual ot apparent patterns were indicated by examining 
the frequency of code 4 responses 

Code 5 ' . . ' 

Code 5 indicated the student apparently performed the given 
operatiog, across the equality sign. For example, the open sentence 
8 K d =. 16 received* 128 as 'the correct solution, indicating the 
•subject might have considered the sentence to be of the type 
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8 X 16 - ■ • This code was not utilized in cells 3, 6, 9, and 12 
since it was not applicable within these cells* In each of these 
cells both numbers given are on the same side of the equality sign 
and therefore it is not feasible to talk about multiplying or / 
dividing across the equality sign* Likewise, code 5 is not 

applicable for cells 8 and 11. In these cells, if the larger * 

S 

number on one side of the equation is divided by the smaller number ' 
on the other side of the equality ^ign, the resultant will be the 
correct answer. For example in cell 8, one open sentence was 
18 ■ = 3. If the student divided 18 by 3, the resultant 6 would 
be the correct -solution for that open sentence. In that event, the 
response would have been coded 1. There is no way of determining 
^ in this investigation how many students did the above process as 

opposed to the thought process similar to '^VHiat number can I 
^divi^ into 18 and get 3 for the resultant?" 

Within cells 1, 2, 4, and. 5, Table 3.6 indicates the percent 
of responses coded ^as 5 ranged from 0 percent to 3 percent. Zero 
percent to 39 percent of the responses in cell 7 were coded 5. 
Eight of the open sentences had no responses coded as 5. One open 
sentence had 39 percent of the responses coded 5. As Table 3.3 
indicates, eight of these nine open sentences in cell 7 received 
code 2 from 38 percent to 54 percent of the time. 

The pattern of responses in cell 10 was; basically the same as 
in cell 7«^ Zero percent responded with an answer coded 5 except 
for one open sentence which received 50 percent code 5 responses. 
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57 



The other open sentences within cell 10 Ireceived code 2 from 52 
percent to 64 percent of the time, while one open sentence was 
marked code 2 only 9 percent of the time. 

No Whole-Number Solution Cells 

The analysis of the no whole number solution Cells data is 



summarized in Appendix H. Table 3.7 stanmarizes €he code 1, 6, 
and 7 responses to the open sentences within the eight no whole- 
number solution cells. With the exception ^of one open sentence, ^ 
Table 3.7 indicates the correct response (code 1) was given from 
78 percent to 89 percent of the time. 

Responses coded 6 indicated the subject responded with some 
number that did not fall into any of the categories 1-5 or 7. The 
percent of Code 6 responses varied from 3 percent to 13 percent. 

Code 7 indicated the subject performed the inverse operation 
across the equality s^gn. This code was not applicable for cells 1, 
2, 4, and 5 since if the student did perform the inverse operation 
across the equality sign, he would!, have derived the correct^.solution, 
i.e., "N." Similarly, code 7 was not applicable for cells 9 and 
12, since both numbers were on the same side of the equality sign, 
which therefore precluded performing the operation across the 
equality sign. 

For three of the four open sentences in cells 8 and 11, a total 
of five responses were coded 7. Table 3.7 indicates, however, that 
for the second open sentence in cell 11, 30 percent of- the responses 
were coded 7. 
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Summary Conjectures Based on the Data Analysis 

Code 1 responses were rather clear cut. Except for cells 7 
and 10, the students* performance was rather consistent and the 
achievement levels were high. 

Recall that code 2 was used when the subject responded "N" 
to open sentences to which he thought there was no whole number 
8olut;ion. The response pattern for cell 7 is unique. Seven per- 
cent responded "N*' to ■ -t 2 ° 8. For the remaining eight open 
sentences within cell 7, the percent varied from 38 percent to 
54 percent. Two questions are warranted. 

First, why did only 7 percent respond "N*' to U 2 ^ 8 when 
such a high percent responded "N" to the other open sentence^^ithin 
the same cell? The answer to this question hinges on code 5 — 
"subject performed the operation across the equality sign." Sub- 
jects did not make a code 5 response to any of the other open 
sentences in cell 7. None of the other open sentences in cell 7 
involved numbers that enabled one to divide them and result in a 
whole number quotient. It would appear that the students saw the 
numbers 2^ and 8^ and the division sign and responded 4^. The subjects 
either disregarded the position of the equality and operation signs, 
or mentally interchanged them for convenience. 

A second question asks whether ^tty cell other than cell 7 
received such a high percent of "N" responses. Table 3.5 indicates 
cell 10 also had a high percent of "N" responses. The same pattern 
of responses occurred in cell 10 as occurred in" cell 7. 6 - M -t 2 
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received responses coded 5 by 50 percent of the subjects. No other 



as in cell 7 no other open sentence in cell 10 involved digits 
that could be divided and result in a whole number quotient. With 
the exception of this one open sentence, the percent of "N" responses 
varied from 52 percent to 64 percent. 

One might make two conclusions. First, in responding to di- 
vision open sentences (both operation-left and operation-right) in 
which the placeholder is in position a., students consistently 
responded "N, " indicating they thought the open sentence had no 
whole number solution. Secondly, when the division open sentence 
involved digits that could be divided and result in a whole number 
quotient,' a high percent of students divided the two given numbers 
despite the relative positions of the equality sign, placeholder, 
and operation sign. 

Code 3 (i.e., the student performed the inverse operation) 
was applicable only to cells 3, 6, 9, and 12. Generally, C9de 3 
was used. J.nf requently . With respect to multiplication, it was 
used in two open sentences in cell 3 (3 x 6 and 2 x 6 ° H ) and 
two open sentences in cell 6 (■ = 6x2 and ■ « 4 x 2). Notice 
that in these open sentences one could divide the two numi)ers given 
and arrive at a whole number quotient. None of the other multi- 
plication open sentences had this property. 

With respect to division, few responses were coded 3. Other 
than two open sentences in cell 9, not more than five subjects 



open sentence in cell 10 received responses coded as 5. 
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used the inverse operation for any particular open sentencjB. Two 
open sentences in cell 9% namely,, 10 t 5 « > and 8 -t 4 ■ ■ , were 
answered by 15 and 20 subjects respectively with responses coded 3. 

Thia might be attributable to the size of the numbers involved in 

r 

these two open sentences. 10 x 5- and 8x4 are number combinations 
quite familiar to many students. The larger numbers in the other 
ope.n sentences might have caused the students to examine the open -«:^ 
sentence more carefully since the product of the two numbers might 
not have been obvious. 

Code 4 indicated the student responded with a number quite 
close to the correct number response. Within cell 3, the two open 
sentences 7 x 9 ==11 and 6 x 9 = ■ received the highest percentages 
of code 4 responses. This might imply the students knew about what 
the answer was, but could only come close to stating the correct 
answer. The fact that these two open sentences both involved nines 
along with the tendency for students to learn the nines table after 
all the others have been learned, might offer a partial explanation 
for these higher ^^j^rcentages of code 4 responses. Within cell 4, 
6 percent responded 7 or 9 to the open sentence 56 x 7. Cell 5 
had the highest percent of code 4 responses with 10 percent 
responding 2 or 4 to the open sentence 18 ^ 6 x M . 

Within the division open sentences, cells 7 and 10 were 
extremely low with percent of code 4 responses ranging from 0 percent 
to 1 percent'. Infrequent use of code 4 responses in these two cells 
might have been attributable to the high percent of responses 
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coded 2 as described earlier. For the . remaining four cells, the 
percent of responses coded 4 ranged from 0 percent to 7 percent. 
No unusual or apparent patterns were indicated by examining the 
frequency of code 4 responses within these four cells* 

Code 5 indicated the student performed the specified operation 
across the equality sign. Within cells 1, 2, 4, and 5 (Table 3.6), 
the percent of responses coded as 5 ranged from 0 percent tq 3 per- 
cent. The students generally multiplied across the equality sign 
only in open sentences in which the numbers involved were small. 
For example, ■ x 5 ° 10, 2 x ■ 8, and 12 =» 4 x B are all 
examples in iwhich the two numbers involved, when used as factors, 
were familiar to the students (i.e.,) 5 x 10, 2sx 8, and 4 x 12 



were factors the students might have encountered previously). 
Students did not make responses' coded 5 to open sentences that 



Within cell 7, 0 percent to 39 percent of the responses were 
coded 5. Eight of the open sentences had no responses coded as 
5. Qie open sentence (■ ■^ 2 «=> 8) had 39 percent of the responses 
coded 5, As Table 3.5 indicates, eight of these nine open 
sentences in cell 7 received code 2 from 38 percent to 54 percent 
of the time. ■ -^ 2 ° 8 was marked code 2 only 7 percent of the 
time. B■^ 2 8 was the only open sentence in cell 7 which involved 
two digits that could be divided and result in a whole number 
quotient. A possible conjecture for this pattern of responses 
might be as follows. The student confronted with the ^ 




involved large numbers. 
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open-sentence ■ + 2 « 8 sees 2, 8, and a sign. He thinko, 

8 '^ 2 ^ 4 80 "4" is the answer. He sees the remaining eight ppen 

sentence similar to ■ 7 ° 4 and sees 7^, 4^, and a -^ sign. 

\Whether he considers 7 4 or 4 7, neither results in a whole 

Aumber. ^ Therefore, the correct answer must be "N." 

The\pattern of responses in cell 10 was basically the same 

as an cell 7. Zero percent responded with an answer coded 5 

except to the open sentence 6 -^ 2, which received 50 percent 

code 5 responses. The other open sentences within cell 10 

received code 2 from 52 percent to 64 percent of the time while 

this on4 open sentence was marked code 2 only 9 percent of the 

time. Silailarly to the example in cell 7 , 6 - ■ * 2 was the 

only open sentence in which the two numbers cou^Ld have been 

divided and result in a whole number solution. 

Code 6 indicated the student responded with some number not 

falling into any of the other codes X through 5 or 7. Overall, 

the pattern of code 6 responses seemed to indicate there were 
« 

fewer unexplained number answers for the multiplication open 
sentences than there were for the division open sentences. 

Conjectures Based on the No Whole Number Solution Data Analysis 

With the exception of the one open sentence. Table 3.7 indicates 
the correct response (code 1) was given from 78 percent to 89 P^er- 
cent of the time. The open sentence 3 ° 7 ^ ■ , received only 
60 percent correct responses. Overall, the high percent of correct 
responses seemed to indicate the students could recognize open 
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oentences with no whole number solutiona and respond "N" to indicate 
no whole number solution existed. 

Code 3 indicated the subject performed the inverse operation. 
No responses in cell 9 were coded 3. Within^ell 12," a total of 
13 students responded with answers coded 3. Performance of the 
inverse operation in cell 12 involved multiplying 20 x 3 and 25 x 4. 
These numbers may have been easier for students to multiply than the 
numbers in cell 9 (i.e., 13 x 4 and 41 x 8) . 

Between 2 percent and 10 percent of the responses were coded 4. 
Code 4 indicates the responses were quite close to the correct 
solution. For the open sentence 13 + 4 = ■ , 7 percejat of the 
responses were "3." Code 4 seemed to indicate the student gave 
the closet iirtegral response to the correct rational number solution. 

Code 5 was not particularly informative with respect to the open 
sentences with no whole number solutions. 

Responses coded 6 indicated the> subject responded with some 
number chat did not fall into any of the categories 1-5 pr 7. 
The percent 6f code 6 responses varied from 3 percent to 13 percent. 
The percent of code 6 responses given to the open sentences with 
no whole number solutions was noticeably higher than the percent 
of code 6 responses given to the open sentences which had whole 
number solutions. 

Code 7 indicated the subject performed the inverse operation 
across the equality sign. * For three of the four open sentences 
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In cell^ 8 and 11, a total of five reBponses were coded 1., Table 3. 
Indicates, however, that for the second open sentence in cell 11 
(3 7 ■ ), 30 percent of the responses were coded 7. Since three 
of the four open sentd^nces within cells 8 and 11 received only five 
responses coded 7, it seemed to indicate some reason existed to 
explain the increase to 30 percent of the students responding code 7 
responses to the last open sentence within these two cells. The 

♦ 

small numbers 3^ and 7^ utilized in the last open sentence might have 
been a possible factor contributing to the change of the pattern of 
responses. For the first ihree open sentences, to multiply across 
the equality sign would have required multiplying the following 
combinations: 35 x 9, 47 x 6, and 3 x 28. None of these com- 
binations are among the basic facts. The last open sentence, 
however, becomes 3x7 when one multiplies across the equality 
sign. This is a basic fact and probably quite familiar to many 
of the subjects. Within the open sentences with no whole number 

r 

solutions which involved larger numbers (28, 47, and 35), 78 percent 
to 84 percent of the students indicated no solution existed. In 
the open sentence involving small numbers (3 =^ 7 •^ ■ ), only 60 
percent responded correctly. Thirty percent responded "21." 
This seemed to indicate that number size probably did affect the 
pattern of responses given by students to these open number 
sentences . 
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Summary 

The student perfonnance levels for cells othpr than 7 and !fO 

were encouragingly high. When studento wer^ confronted with divioion, 

» 

operation-left, placeholder in a position puzzles, however, the 
performance levels decreased. It appeared that reg€ti'ding these 
particular puzzles, students disregarded the position of the equality 
sign. 

Student performance level on open sentences with no whole number 
solutions was remarkably high even though the students had no text- 
book experiences with these sentence types (see Table 2.4). and 
teachers predicted that students would do poorly on these sentence 
types (see Table 2.5). This seemed to indicate that students do not 
need to be instructed in each open sentence type in order to obtain 
high performance levels. The low performance leyels attained in 
cells 7 and 10, however, indicated that attention needs to be given 
to division open sentences in which the placeholder is in the a 
position. 

Chapter IV continues this discussion, but further examines each 
factor through more precise statistical instruments. The first 
part of the chapter will discuss statistical differences among the 
open sentences having whole number solutions. The second ^part of 
the chapter will discuss statistical differences among the open 
sentences having no whole number solutions. 
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Chapter IV 

STATISTICAL ANALYSIS ""oP THE DAtA • - 

A/ter the descriptive statistics discussed in Chapter III had 
been generated from data furnished by all 1298 subjects, the subjects 
were separated into two categories. The fi;|:st category consisted of 
students who' either answered incorrectly or omitted no more than one 
multiplication 9pen senti^ce and one division open sentence on the 
BMDT. The second category "Consisted of those students who did 
answer incorrectly or omit more than one multiplication open ^sentence 
or 'more than one division open sentence on the BMDT.- % All the data 
analysis discussed in this chapter utilized^ the data furnished by 
the subjects in the first category, i%e., those students who either 
answered incorrectly or omitted no more than &ne multiplication and 
one division open sentence on the BMDT. • Since students in this 
category could respond ''correctly to mdltdplication^attd division 
open sentences in standard form, '.it seemed fed^onable to attribute ^ 
incorrect responses on the NPT to confusion with the particular 
open sentence type rath^ than to the^'^number combination involved^. 
Table 4.1 indicates by grade level the number \of students in the 
first and second categories. 

This <?hapter is organized in three main sections. The first 
section illustr^Hies the overall plan for the data analysis.* ^^TKe 
second' section discusses the analysis for open sentences having 
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whole number solutions. The third section discusses the analysis for 
-open sentences having no whole number solutions. 

A. Plan for Data Analysis 

the first analysis was done on the responses to whole number 
solution open sentencfis. The data generated by those students in the 
first category were analyzed by the DSTAT 2 Statistics Program ^ 
(DSTAT 2:, 1973). This program summarized, for each of the 53 classes, 
the number of correct responses for each cell for each test form (see 
Figure 4.1— Step a) (Appendix J). Since there were four test forms, 
a mean was computed for each form for each cell which, when averaged 
produced the mean for the cell. Since there were one> two, or thr'ee 
puzzles on each test contributing to each cell, the cells on each 
test form contributing one puzzle were weighted by a factor of six, 
those with two were weighted by a factor of three, and those with 
three were weighted by a factor two. The 'transformation rndtrix 
used is Appendix K. Table 4.2 indicates the transformed data ^matrix 
(see Figure 4.1 — Step Id). v 

The class means in the transformed^data matrix were analyzed 

by ANOVA. Since analysis of variance only indicates whether 

<y 

significant differences exist and not how the factors differ, che 
following comparisons were made — grade lev^ (4 vs. 5 vs. ,6) 
multiplication versus division, operation- left versus operat^n- 
'right, placeholder position (a vs. b ve. c) — and related inter- 
actions Were investigated (see Figure 4.1 — Steps c, d', e, f). 
Since the i^eans in Table 4.2 are on ^ 0-6 scale, it was confusing 

to interpret exactly what means, for example, of 2.65 and 3.87 

/ 
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represented. Therefore, the percentage of correct responses for 

each of the 12 cells within each grade was computed. This was done 

< 

to make the interpretation of the differences between and magnitudes 
of the means easier to compare. Percentages of correct responses 
are on a 1-0 metric within Tables 4.3 and 4.4. Within the discussion, 
means were converted to the more common 100-0 metric and are simply 
referred to as percentage correct. 

Means were calculated by dividing the total number of correct 
responses given to each sentence type by the total number of possible 
correct responses (see Figure 4.1 — Step g) . These 36 means were used 
to calculate the overall means per grade, multiplication and division 
means, operation-left and operation-right means, and placeholder 
means (see Figure 4.1 — Steps h, i, j,.k). 

A similar process was used for the no whole number solutioji open 
sentences. The DSTAT 2 Statistics Program summarized, for each of 
the 53 classes, the number of correct responses for each cell for 
each test form (see Figure 4,1 — Step il). Means, on a 1-0 scale, were 
computed by grade for each of the eight cells. These means were 
calculated by dividing the total number of correct responses given 
to each sentence type by the total number of possible correct 
responses (see Figure 4.1 — Step m) . Because some cells in the no 
whole number solution matrix were empty, something other than ANOVA 
was required to make comparisons with the whole number solution 
matrix. The Wilcoxen Signed Ranks Test was used to compare whole 
number solution open sentences with the no whole number solution 



no 
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open sentences (see Figure 4.1 — Step' n) . The whole number solution 
means which were on a 1-0 were compared to the no whole 

number solution means which were also on a 1-0 scale. The Wilcoxen 
Signed Ranks Test was also used to compare responses to open sentences 
resulting from a basic fact product to those not resulting from a 
basic fact product (see Figure 4.1 — Step o) . The means by grade 
for each of the eight no whole number solution cells were used to 
- calculate overall means per grade, multiplication and division means, 
operation-left and operation-right means, and placeholder means 
(See Figure 4.1 — Steps p, q, r, s). 

B. Open Sentences Having Whole^>^klmber Solutions 

In Table 4.3 the transformed means are presented, grade by grade, 

for each of the following factors and levels: (1) overall means, 

(2) operation multiplication compared to division, (3) operation-left 

compajred to operation-right, and (4) means for the placeholder in a^ 

position, compared to b^ position, compared to £ position. Each cell 

entry represents the mean tdf^^correct responses given by the students 

f " . * ■ ' 

in th^ indicated grade. .^^al;^|5& 4.4 indicates each cell mean' by grade 

fqr the open sentencisp^|ich have whole number solutions. For example, 

fourth grade — cell 1 (i^Ultiplication, operation-left, placeholder 

in a position) has a value of .9185. This indicates 91.85% of the 

fourth-grade subjects Achieved the correct responses to the open - ^ 

sentences in cell 1 (M^yV^^ T^ fables 4.3 and 4.4 have been 

used to examine each of the following hypotheses. The formal analysis 

tables are contained in the appendix. 

01 . 

V. 

\ 
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/ 

Table 4.3 i 
Trans foraed Means of Whole- Number Solution Cells 
Put on a 1-0 Metric 







Grade 

5 


5 


all 


Overall 


.8062 


.8556 


.8652. 


.8423 


Operation 




• 

• 






Multiplication 


.9319 


.9536 


.9536 


.9464 


Division 


.6805 


.7576 


.11^1 


.7383 


Symmetric Property 










Operation-left 


.8338 


.8811 


.8786 


.8645 


Operation-right 


.7786 


.8301 


.8517 


.8201 


Placeholder pflrsition 










a 


.6020 


.7010 


.7122 


.6717 


b 


.9038 


.9372 


.9413 




c 

— s 


.9128 


.9287 


.9420 


.^78 



Placeholder position £ was to the left of the operation sign, 
position b was to the right of the operation' sign, and 
position c was on the opposite side of the equality sign 
from the operation sign. (a x b '^^^ c, or c ° a b) 
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Table 4.4 
12 Cell Means by Griade— 
Whole-Number Solution Cells Put on a 1-0 Metric 



Cell //I 

MLA 



4th 


.9185 


5 th 


.9545 


6 th 


.9582 




MLB 


4 th 


.9574 


5 th 


.9766 


6th 


.9684 




Cell- //3 


4th 


.9452 


5 th 


.9502 


6 th 


.9530 



lel5\//4 
MRA 




. Cell //5 
MRB 



4 
5 



.9049 
.9415 
.9342 



Cell'//6 
MRC 



4 
5 
6 



,9487 
. 964; 
.9733 



M = multiplication, D ° d\^vision 



Cell #8 
DLB 




Cell #9 
DLC 





Cell //? 
DLA 




cell #10 
DRA 


4 


.3679 


4 


.2049 


5 


.5507 


5 


.3640 


6 


.^342 


6 


.4220 



Cell //II 
DRB 



4 


.8386 


5 


.8892 


6 


.9292 



Cell^//12 
DRC 



L = operation-left, R ° op^^ration-right 
A = placeholder in £ positioiji, B ~ placeholder in Position 
C ° placeholder in £ position, i.e., a x b ° c and c \ a b 
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!• H^: The mean performance levtai^s open sentences having 

whole n\^ber solutions ar^^ thV sane for gtadc four | 



S^'^H^ (^2) and grade ^\iVL^\: \ - - M3. 

Table 4.5 summa^zes the Analysis of Varianc^of th^i . 
V data from Table 4.2. 



Table 4.5 ^ 
Analysis of Variance for Grade Level (4, 5, 6) 



ERIC 















Source 


DF 


MS 




P 














Grade 


2 


7.9608 . 


8.8211 \ 


.0006 " 




Error 


50 


.9025 


\ 
















X 



clearly, significant dif f erenceaXexist between grades with probability; 

\ \ 

less than .0006. Therefore, the nqll hypothesis was rejected. The 

mean performahce levels on open sentiences which have whole number \ 

solutions was significantly different between grade levels. Table 4.3 

indicates students overall performance increased across grades. 

Table 4.4 indicates every cell mean increased from grade 4 to grade 5. 

The cell means between grades 5 and 6 generally increased. 

2/' p : The mean performance level on open multiplicatioiti 
% o 

sentences (M, ) is the same as the mean performance 

\ ^ 

♦ i^level on ppen division sentences (^2)* ^ " ^ 



^4 



/ 
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Table 4.6 indicates the results of the ftnalyBis of Variance of 
the data from Table 4.2. • 

Table 4.6 

' 

An^yais of Variance for Operation (Mult., Div.) 



Sourcye 


DF 


HS 


F p 
* 


Operatioit 


1 


236.8298 


1,333.0291 .0001 


Error 


^ 50 


• 1777 





Clearly, significant differences exist betwpen student performance 
levels on multiplication and division open sentences with p < .0001. 
The null hypothesis was therefore rejected. The mean performance 
level on open multiplication sentences was not the^same as the mean 
performance level on open division sentences. 

Table 4.3 indicates that within each grade the multiplication 
means were higher than the d^v^ton means. Table 4.4 indicates that 



if the cells are compared pairwise with the operation-left of -right 
and placeholder variables both held constant, the multiplication 
means are higher than the division means in all pairs for all grades 

(i.e., cell 1 compared to cell 7, 4 to 10, etc.). ^ 

* 

3. H^: The mean performance level on operation-left open 

sentences (M^) is equal to the mean performance Ie4jte4,*-^ 
on operation-right open sentences 0^2^ ' M^^ = M^. 

"l- ^1 ^ ^2 
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Table 4.7 Gunaaarizeo the operation-left and operation-right 
differenceo resulting from the Analysis of Variance of the data ^rom 
Table A. 2. - 

Table 4.7 

AnalysiG of Variance for Synmetric Property (Oper-Left, Oper-Rt.) 



Source 


DF 


MS 


F 


P 


Synanetrlc Property 


1 


12.2750 


91.0433 


.0001 


Error 


50 


.1348 ■ 







Clearly, significant differences ^xist between the mean performance 
levels on operation-right and operation-left open sentences with 
p < .0001. The null hypothesis was therefore rejected. The mean 
performance level on operation-left open sentences was significantly 
different from the mean performance level on operation-right open 
sent-ences. 

Table 4^3 indicates , that , across all grades, the means for the 
operation-left open sentences were higher than the means for the 
operation-right open sentences. Table 4.4 indicates that if the 
cells are compared pairwise with o^ration and placeholder held 
constant within each pair, th^ operation-left means are higher in 
all pairs across all grades with the exception of cells 3 and 6. 
With the operation multiplication and pia'fceholder in the £ position, 



J- 



■ HI 

• . n , • ■ . • 

Student performance was slightly higher on operation-right open 
sentences. In all other cases, performance was higher on operation- 
left open sentence. v 

4. H : The mean performance levels on open sentences with the 

0 ' 

placeholder in position £ (M^), b' (M^), and £ (M^) are 

the same: M- = = M^. ^ 

' \ 

H, : Not H . 

1 o 

There were three placeholder positions to examine. The first 
contrast examined was £ vs. .The second contrast examined was 
ab vs. £. Table/A.S summarizes the placeholder position statistics 
resulting from the Analysis of Variance of the data from Table 4.2. 

Table 4.8 

Analysis of Variance for Placeholder Positibns 



0 



(a vs. b^ and ^&^vs. £) 









-\ ' — 


». 


Source 


DF 


MS 


F 


P 


Placeholder 


2 


164.1808 


903.3201 


.0001 


vs. 


' 1 


249.8057 


1325.8050 


.0001 


ab vs. £ 


1 


78.5559 


480.8352 


\ 

.0001 


Error 


100 


.1759 

V 







(multivariate analy^s used to test placeholder) 
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Clearly, significant differences exist between placeholder positions 
with p < .0001. The null hypothesis was therefore rejected. The 
mean performance levels on open sentences were not the same for 
placeholder positions a^, b^, and £. 

Table 4.3 indicates the means, across all three grades, Were the 
lowest for placeholder o^. The means for the placeholder positions 
and £ were quite close in value. Table 4.4 indicates the means for 

the cells comprised of the division open sentences with placeho!|.der 

1 ^ 

in position (both operation-left and operation-right) are much 
lower than any other group of^ cells. The means were slightly higher 
with operation-left cells, but overall considerably lower than all 
the other cell means. ) 

The means for the four cells involving placeholder position b^ 
appear to be quite close in value to the means for the four cells 
involving placeholder position £. One might infer that performance 
on open s^nt^ences with t^he placeholder in the b^ posj(.tion was about 
the same as performance on open sentences with the placeholder in 
the £ position. 

.5* H^: No interactions with p < .05 exist among the following 
factors 2 grade level, operation, symmetric property, 
and placeholder position. 
' Hj^: Interactions with p < .05 exist among the following 

^ factors: grade level, operation, symmetric piroperty, 

t 

and placeholder position. ) 



Table 4.9 summarizes the results of interactions tested by 
Analysis of Variance of the data from Table 4.3. 



Table 4.9 
Analysis of Variance Interactions 





Source 


DF 


^ MS 


F 


P 


G at 0 
Ettor 




2 
50 


1.9948 
.1777 


11.2279 


.0001 


G X S 
Error 




2 
50 


.8388 
.1348 


6.2213 


.0039 


G X P 
Error 




4 , 
100" 


1.3578 
,1759 


7.7182 


^0012 


0 X S 
0 X S X 
Error 


G 


1 
2 
50 


5.0422 
.3106 
.08'y 


61.6801 
■ 3.7994 


.0001 
.0292 


0 X P 
0 k P X 
Error 


G 


2 
4 

100 


138.0383 
.7256 
.1946 


667.4437 
3.7465 


.0001 
NS . 


S X P 
S X P X 
E»roif 


G 


' 2 
4 

100 


4.2760 
. .0593 
.1052 


57.1078 
.9044 


.0001 


jO X S X 
0 X S X 
Error 

I 


P 

P X G 


2 
4 
100 


2.2694 
.1158 
.0780 


26.5586 
1.6164 


. 0024 
NS- 



G = Grade 

0 = Operation p 

S = Symmetric Property 

P = Placeholder Position 



. ^ 99 
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I 

Table 4.9 indicates the foll^owin^ Interactions existed at a 
significance level of p < •OS: (1) G^x 0, (i) G x S, (3) G x P, 
(4) <0 X S, (5) 0 X S X G, (6) 0 x P, (7) S x P, and, (8) Ox S.x P. 
Sij^e the analysis of variance indicated significant interactions 
existed at p < ,05, the null hjrpothesis was rejected. Significant 
interactions existecjjjjjilpng the following fa'ctbts:, grade level, 
operation, symmetric property, and placeholder position. 

Table 4.4 indicates 'the means, across. all three grades, were 
the lowest for cells 7 and 10. It would appear that very significant 
interaction occurred between operation division ahd placeholder 
position ja. 

C. Open Sentences Having No Whole-Number Solutions 

Similar to Part B, the no whole number solution data generated 
by those students who either answered incorrectly or omitted 
no more than one multiplication and one division open sentence on the 
BMDT was analyzed by the DSTAT 2 Statistics program. ^ With the reQu3.ts 
from this statistics program, the investigator was able to calculate 
the eight means (eight no whole number solution cells) for each class 
participating in the study. • Notice cells S', 6, 7, and 10 are empty. 
All open sentences of these types necessarily have whole tiumber^ 
solutions. Table 4.10 indicates these cells in relation to the 
other cells. 



100 



Table 4.10 
Cells for Each Grade 
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Placeholder 


Multiplication 
#Op.-left Op.-rt. 


Division 
Op. -left Op.-rt. 


U 


i 


4 


X y 


X 


TJ 


2 


5 


8 


11 


C 


X 


X 


9 


■ 12 



*Operat ion-left means the operation is on the left 
of the equality sign (a o b « c). Operation-right 
means the operation is on the right of the equality 
sign (c ^ a o b). 

//Placeholder a is always to the left of the operation 
sign, b is to the right of the operation sign, and 
£ is on the opposite side of the equality sign from 
the operation symbol. > 



Since 4 of the 12 cells for each grade were empty, an Analysis of 

Variance was not practical. The eight means for each class were 

averaged to produce means by grade for each cell. The results are 

/ > . 

indicated in Table 4.11. The means were utilized to form the more 

general means indicated in Table 4.12. As each hypothesis is 

examined, reference will be made to these two tables . 

6. H^: The mean performance level on open number sentences 

which have no whole' number solutions (Mj^), is equal 

to the mean performance level on open sentences which 

have whole number solutions (^2^' ^ ° ^2* 
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■ Table 4.11 

Eight Cell Means by Grade 
No Whole Number Solution Cells 
Put on a 1-0 Metric • 



Cell #1 
MLA 




Cell #4 





MRA 


4 


^8103 


5 


.8908 


6 


.8874 



Cel\ //7 



Cell #10 





DLA 




DRA 


4 


X 


4 


X 


5 


X 


5__ 


x___ 


6 


X - 


6 


X 



Cell n ^ 



Cell //5 





MLB 




MRB 


4th_ 


.7661^ 


4 

1 


_^8421__ 


5th_ 


_^8287__ 


5 


.8619 


&th 


.8858 


6 


.9361 





Cell #8 
DLB 




Cell //II 
DRB 


4 


.7874 


4__ 


_.6954__ 


5__ 


_^8970_ 


5__ 




6 


.8571 


. -6 


.6710 



Cell n 





MLC 


4th 


X 


5th_ 


X 


6 th 


X 





Cell //6 
MRC 




Cell #9 
DLC 




Ceir //1 2 
DRC 


4 


h.-. 


4__ 


_^8187__ 


4__ 


_^7953__ 


5 


X 


5__ 


_^8398__ 


5i„ 


_i8398__ 


6 


X 


6 


.9269 


6 


.9087 



M ° multiplication, D » division 
L ^operation-left, R = operation-right 

A ^ placeholder in a^ position, B « placeholder in position, 

C = placeholder in £ position, i.e., a x b « c, and c ■= a + b. 

X indicates no open sentence of th|.8 type exists, i.e., all open 
sentences of this type have whole number solutions. 
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' Table 4.12 
Mef^s of No- Whole Number Solution Cells 
Put on a 1-0 Metric 



Grade 



All 



c 

Overall 


.7907 


.8500 


.8684 


.8364 


Operation 










Multiplication 


.8072 


.8726 


.8960 


.8586 


Division 


..7742 


.8275 


.8409 


.8142 


Symmetric Property 










Operation-left 


.7956 


.8686 


..8ii51 


. 8501 " 


Operation-right 


e.7858 


.8315 


.8508 


.8227 


Placeholder Position 










a 


.8103 


.9000 


.8810 


.8638 


s 

b 


.7228 


.8302 


.7926 


.7819 




.8070 


.8398 


.9178 


.8549 



Placeholder position a was to the left of the operation sign, 
position b was to the right of the operation sign, and position c 
was on the opposite side of the equality sign from the operation 
sign. (a X b ° c, or c = a + b) 
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^ Several statistical tests could have^ been employed to determine 
whether statistically significant dlff^ences existed between the 
means for the no whole number solution gells and the means for the 
whole number solution cells. The' Wilcoxen matched pairs signed 
ranks test was selected to test for significant differences between 
the two groups. This test has all the advantages of the sign test 
ao well as taking into account the magnitude of the differences 
between rankings of the scores in the two distributions. Hays (1963) 
claims the Wilcoxen test has a very high power-efficiency compared 
to the other methdds designed specifically for the matched-pair 
situation. Four separate Wilcoxen signed ranks tests were done. 
These tests were not independent because of pooling. The data 
were pooled originally to test for overall significance. Since 
the overall test showed significant differences existed, three 
separate tests were run independently, one at each grade level. 
The results of the Wilcoxen signed ranks tests are indicated in 



Table 4.13. 

Table 4.13 indicates that, for the three' grades combined, the 
probability was less than .0001. The probability was less than 
.0059 for grades four and five. The probability was less than 
.0250 for grade six. The Wilcoxen test indicated that, with p < .05, 
significant differences existed between the means for the open 
sentences with whole number solutioiyi and the open sentences with 
no whole nuii[iber solutions. Since the probabilities for all three 
grades and the overall probability were all less than .05, the null 
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Table 4.13 
Wilc(^xen Teat . 

Comparison of correct responses given to eight cells for which whole- 
.number solutions existed and the same eight cells for which no whole- 
number solutions existed. 

Put on a 1-0 Metric 





Means of 8 Cells 
Whole Number 
Solution Exists 


Means of 
No Who^e 
Solution 


8 Cells' 
Number 
Exists 
y- 




Signed P and z 
Rank ' Values 
0 



Ath Grade 



Cell 1 


.92 


.81 


-.11 


-4.3 






Cell 2 


.96 


.77 


-.19 


-8 






Cell 4 


.92 


.81 


-.11 


-4.5 






Cell 5 


.90 


.84 


-.06 


-1.5 . 


p 


< .0050 


Cell 8 


.91 


.79 ' 


-.12 


-6 






Cell 9 


.90 


.82 




— J 






Cell 11 


.84 


.70 










Cell 12 


.86 


.80 


-.06 


-1.5 


u 


- 2.52 








5th Grade 








Cell 1 


.95 


.91 


-.04 


-1.5 






Cell 2 


.98 


.83 


-.15 


-7 






Cell 4 


.94 


.89 


-.05 


-3.5 


p 


< .0059 


Cell 5 


.94 


.86 


-.08 


-6 






Cell 8 


.94 


.90 


-.04 


-1.5 






Cell 9 


.91 


.8^ 


-.07 


-5 






Cell 11 


.89 


.73 


-.16 


-8 






Cell 12 


.89 


.84 


-.05 


-3.5 




° 2.52 








6th Grade 








Cell 1 


.96 


.87 


-.09 


-7 






Cell 2 


.97 


.89 


-.08 


-6 






Cell 4 


.93 


.89 


-.04 


-4 


p 


< .0250 


Cell 5 


.93 


• .94 


+.01 


+2 






Cell 8 


.93 


.86 


-.07 


-5 






Cell 9 


.92 


.93 


+.01 


+2 






Cell 11 


.93 


.67 


-.26 


-8 , 






Cell 12 


.92 


.91 


-.01 


-2 




1 - 1.96( 


— <r 

Three grades grouped together — p 


< .0001 (|z| 


° 4.1714) 
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l^pothesls waa rejectiad.^ The mean performance , level on open number 
sentences which have no ^^ole number solutions was significantly 
different fifom the mean performance leyel on open sentences whJ,ch 
have whole number 8olutiofts\ » \ 

r Table 4.14 indicates both U|ie no-'Whole-number- solution ^ell 
means taken from TalJle 4 ..12 and the whole^number- solution cell 
means taken from the comparable eight cells within Table 4.4. 
Table 4.14 ahoys that wlthlt^t «ach grade level, the mean for the 
eight whole number solution cells wa^ greater than the mean for 
the eight ijOc^hole number solution cells. 



Table 4.14 

Means by Grade for the 8 Jja-Whole^ Number- Solution Cells 

X 

Compared to the Comparable 8 Whole- Number-Solution Cells 



Means for the Comparable 
Eight Cells for Which 
Whole Number Solutions 
Exist 



Means for the 
Eight No Whole 
Numb ersi? lu t ion 
Cells 



Average for th^^^^ 
Three Gtradeo 

4th Grade 

5th Grade 

6th Grade 



.9228 
.9010' 
.9291^ 
.9374 



lOG 



The means for each cell (the eight no whole number solution 
cells and the comparable eight whole number solution cells) within 
leach grade were rounded off to two significant digits and are 
listed in Table 4.13. Of the 24 differences between the whole 
number solution cells and the comparable no whole number solution 
cells 9 22 were negative values and only two„were positive. The 
students seemed to have a higher mean on open sentences which had 

whole number solutions than they had on open sentences which had 

/ . y ^ 

no whole number solutions. 



7. H : 
o 



There ±p tjo significant difference jbetween the 
mean performance leVel on multiplication (division) 
open sentences in which the product (dividend) is 
a product ,of some basic fact (Mj^) > and the mean 
performance level on multiplication (division) ' 
open sentences in which the "product" (dividend) 
is not- a "product" of some basic fact (M^O : 

M - M . 

^ 2 • 

J In order to teat the h3rppthesis, the eight no whole number 

/ * 
solution cells were divided into two groups. The first group 

consisted of those in which the product (dividend) was a basic- 
fact product. The second group consisted of those in which 
the "product" (dividend) ^as not a basic-fact "product." The 
number of correct responses (transformed to a 1-0 metric) for 
each of the eight cells are displayed in Table 4.15. 



Table 4.15 

- No Whole-Number-Bolution Open Sentences 
Baoic Fact Producto Compared to Not a Basic Fact Producto 
Number Correct Transformed to a 1-0 Metric 
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Wilcoxen Matched Pairs 



Signed ^^ai 



xika Test 



Cell 


Number Correct 
Baoic Fact Pro. 


Number Correct- 
Not a Baoie Fact 
Pro. 


Difference 


Rank 


Signed 
Rank 


1 


.89 


.'82 


-7 


7 


-7 


2 


.78 


.82 


+4 


5 


+5 




.85 

• 


.84 


-1 


1 


-1 


5 


.86 


.82 


-4 


5 


-5 


8 


.84 


.82 


-2 


2.5 


-2.5 


9 


.78 


.60 


-18 


8 


-8 


11 


.81 


.85 


+4 


5 


+5 


12 


.82 


.84 


+2 


2.5 


+2.5" 


z ° . 
P < . 


77 , 

2206 N.S. 








y 



The information was otatistically analyzed by the Uilcoxen matched 
pairs signed ranks test.* The analysis is demonstrated in Tab^ 4.15. 
The mean number of correct responses to the' "not a basic fact" ^ 
open sentences wa^^j^^'^^T'^v^lTe the mean number of c^rect respon^ks 
to the "basic fact" op^n sentences was .83. 

The probability resulting from the Wllcoxen analysed was ^e'ss 
than ,22^6, which was not significant. The null hypothesis was 
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therefore not rejected. There was no significant difference 'between 
mean peffx)rinarice on multiplication (division.) open (sentences in 
* which the product (dividend) is a product of some basic fact and 
mean'perfonn£g[ice on multiplication (division) open sentences in which 
the "prodoict" (dividend) is not a "product" ofpsro|tne basic fact. 

Summary 

Several factors appeared to influence -performance levels, <=» 

1. Grade level affected performance levels. Fifth-grade 
students had a higher performance level than fourth-grade 

^ students and sixth-grade sts^j^itja^erformed at a slightly 
higher level than 'the fifth-grade students. 

2. The performance level on multiplicration open seintences 
was higher^ than on division open sentences. 

3. The performance level on operation-left open sentences 
was higher than on operation-right open sentences. 

4. The position of the placeholder appeared to influence the 
performance level. 

^ 

5. The existence or nonexistence of a whole number solution 
influenced the performance level. 

The analysis was complex to interpret because of the significant 
interactions. There appeared to be a very high interaction between 
operation division and pl'acehblder position a. Significant interactions 
also fisted between the following factors: (1) grade and operation^ 
(2) grade and symmetric f|rctor; (3) grade and placeholder position^ 



(4) operatAjn and symmetric fdctor; (5) operation, symmetric Lctor 

and grade; (6) operation and placeholder position; (7) symmetric 

■ ' ■ f 

factor and placeholder position; and (8) operation, symmetric facto: 

J \ 
and placeholder position. Caution must- be exercised, therefore, 

in taking an overly simplistic interpretation of significant / 

differences between levels of principal factors. 
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Chapter' V 



V CONCLUSION^TO THE THESIS 



Introduction * ^ 

This chapter presents q, summary of the study, discusses conclusions 
and Implications resulting froA the study and offers recommendations for 
future research* 



Summan 



The main purpose of this study was to find out whether differences 
exist lit pupils' performance when. solving open sentences in which the 
open sentence types were Varied. 

Specifically, this investigatibn sought to find out the differences * 
^ in students* responses to open number sentences when- the following factors 
were varied: (a) school grade [4, 5, and 6], (b) the symbol for the 
operation specified in a sentence [x and -t], (c) isentence type as determined 
by the symmetric property of the ec]^uality relation [a o b =» c versus 
c = a o b)*, (d) the position of the placeholder in a sentence [£, Jb, or 
£] > (e) the existence or non-existence of an open sentence solution within 
the set pf whole numberis [■ x b =» 20 versus ■ x 5 = 21] , and (£) the 
largest number being ^ basic fact product or not a basic fact product 
in open sentences whicth'have no whole number solution [3 x |i « 25 
versus 3 x ■ » 23], 

ft t 

Two distinct kinds of multiplication and division open sentence 
tests were constyructed and administered to 1298 fourth-, fifth-, and 

95 
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slxth-gtade students from eight schools. Each student was administered a 
28-lteEi open sentence number puzzle teet (NPT) and a 14-item basic 
multiplication and division teat (BMDT). 

Four forms of the ^NPT were constructed. Based on the above factors 
(operation, symmetiric property, placeholder effect, and existence or 
non-existence of a whole number solution), 20 distinct open sentence types 
were identified for the NPT. Fifty-six multiplication and 56 division 
facts resulted from the assignment of the numerals two through nine^ to 
a and b (no doubles). These 112 number facts were partitioned into four 
groups of 28 items. Each^roup of '28 number facts was assigned to one 
of the four test forms and one of the 20 open sentence types. 

Information gained when open sentence types are varied would be 
questionable if the students do not know the basic facts. To find 
students* performance level on operation-left, canonical form open 
sentenced (e.g, 2x6= Wt^t each student was given a basic multiplication 
and division test (BMDT). Each BMDT was composed of five multiplication 
facts, five division facts, and four open sentences involving the number 
one. To balance for the learning effect the first half of the test 
might cause, half the students responded to the NPT first, followed by 
the BMDT. The other half of the students responded to the BMDT first, 
and then the NPT. 

The conclusions and Implications resulting from this study can be 
stated with reasonable, certainty only for the population from which the 
subjects were selected. The results are valid for students within the 
fourth-, fifth-, and sixth-grades within the Waukesha, Wisconsin city 
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school system. The generalizabilitV of the results to other students 
depends on the differences between^ them and the given population^ For 
Instance, student^ In different grades, students who had used a ' 
different mathematics textbook series, and students having experienced 
a different opportunity to leaim could be enough unlike the students - 
^In this population that different results could be anticipated. 

In order to obtain Information concerning the subjects' opportunity 
to learn, two procedures were used. A questionnaire was administered 
to all the classroom teachers of students participating In the study. 
The Individual teachers rated each type of open fiumber sentence (20) as 
to the experience they believed their students had previously had with 
that particular type of open sentence. Also, a thorough examination 
was conducted of the textbooks the students used In grades three through 
six .( Elementary Mathematics , Harcourt, Brace, h World, 1966). A table 
was constructed which Indicated the maximum number of experiences the 
students might have had with each open sentence type as Indicated by 
the textbooks This summary did not Include word problems. A careful 
examination of textbook experiences the students might have been exposed 
to, together with an Indication from the teachers of experiences the 
students might h^ve had with each type open sen^nce, offered an In- 
dication of the students opportunity to learn. 

The examination of the textbooks Indicated students experlenceV 
with these open sentence types was mostly limited to two types — 
a X b ■ and a b ■ • Opeii sentence types B x b » c appeared 
^occasionally. Ihe other open sentence types appeared very lnfrequent;ly 
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or not at all. The teacher opinion questionnaire indicated parallel 
results. The two open sentence types the teachers predicted students 
would scQre highest on were a x b " ■ and a t b ■ • Similarly, 
the sentence types mentioned Infrequently or not at all In the text*- 
books were scored lower than^the other sentence types. The sentence 
^ types having no whole number solution were rated lower than all the 
whole number solution sentence types. 

The data furnished by all 1298 subjects was corrected and coded 
by the investigator. The information was then key punched for computer 
'analysis and analyzed by the Fortap Statistical Package. This process 
yielded descriptive statistical results reported in Chapter JII. 

After the descriptive statistics had beetf generated, the data were 
separated *into two grdups. pie first group consisted of the data 
generated by those students who missed no more than one multiplication 
open sentence and one division open pentence on the BMDT. The second 
group consisted of" the data generated by the students who did miss more 
than one multiplication open sentence or more than one division open 
sentence on the BMDT*. All the remaining data analysis utilized those 
subjects in the first group. 

The investigator calculated the means of the 12 whole number 
solution cells for each class participating in the study^ These 
celf means were the raw data used for the analysis of variance. 

Conclusions and/lmplicatio'hs 

Based on the reported results in Chapter IV, the following 
conclusions were drawn » 
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1. The perforaance level of subjects on oppn sentences having whole 
number solutipns was significantly different between grade levels 

Students' level of performance was measured within the fourth, 
fifth, and sixth grades. Significant differences do exist between grades 
(p < .05). For the open sentences having whole number solutions, there 
was an Increase in perfoirmance level across all three grades. Fourth- 
grade overall average was 80.62 percent, fifth-grade was 85.56 percent, 
and sixth-grade was 86.52 percent. Similar findings resulted for the 
open sentences having no whole number solutions. Fourth-grade overall 
average was 79.07 percent, fifth-grade was 85-00 percent, and sixth- 
grade was 86.84 percent. 

These results are in agreement with the results from Weaver/ s (1971) 
study. In Weaver's study ,the performance level on open addition and 
subtraction sentences increased from grade 1 to grade 2 to grade 3*. This 



seems to \indicate that as the students have more experiences in mathe- 
matics and more opportunities to learn their performance lev^l-^cfeases . 




of subjects on^open division sentences. 



Significant differences exist between student performance levels 
on open multiplication sentences and open division sentences (p < .0001)«i 
Within ea6i grade, the multiplication means were higher than the division 



means. The average student performance level on multiplication open 



sentences with whole number solutions was, 94.64 percent compared to 
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73.83 percent on division open sentences with whole number solutions. 
The student performance level on multiplication open sentences with 
no whole number solutions was 86.19 percent compared tp 81.42 percent 
on division open sentences 'with no whole number solutions. This seems 
to clearly indicate students' performance level was higher on multi- 
plication open sentences than on division open sentences. 

These results are in parallel agreement with the results from 
Weaver's study (1971). In Weaver's study the performance level was 
higher for addition sentences than for subtraction sentences within 
each grade. 

A partial explanation for the students higher performance level 
on multiplication open sentences might be the fact that students 
usually study multiplication facts before division facts. Therefore, 
they have had a greater opportunity to learn multiplication facts than 
division facts. A few of the fourth-grade classes either had not yet 
studied division or had had little exposure to division at the time 
the test was administered. 

3. The performance lev^l of subjects on operation-left open 
seatences was signif icai\tly different from the performance 
level of subjects on operation-right open sentences. 
Significant differences exist between student performance levels 
on operation-left open sentences and operation-right open sentences 
(p < .0001). Examining responses to the whole number solution open 
sentences, students answered correctly ^6.45 percent of the operation- 
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left sentence^ and only 82*02 percent of the operationTight sentences. 
For the open sentences with no whole number solutions Students answered 
correctly 85.02 percent of the operation-left sentences and only 82.27 
percent of the opera^:ion'-right sentences. This seems to indicate 
students' performance level was higher on the operation'-lef t open 
sentences than on the operation-right sentences. 

These results are in agreement with -the results from Weaver's '* 
study (1971). In Weaver's study, ^e performance level was consistently 

•a ■ 

higher for the operation-left open sentences than for the operation- 
right open sentences. ^ 

Student opportunity to learn might account for part of the dif- 
ference between the performance level on operation-left and operation- 
right open sentences. Nine hundred and eighty examples (excluding* 
types a and k) within the third- through sixth-grade textbooks were 
operat±«i-lef t, while only 148 were operation right. It would seem 
that the students have had more experiences with the operation-left 
open sentences than with the operation-right open sentences. If 
teachers want students to be able to solve operation-right open 
sentences as accurately as dper^t ion-left open sentences,^ It would 
appear that more experiences with operation-right open sentences are 
needed. 

4. The performance level of subjects on open sentenc'es was 

oignif IcanLly different tot placeholder positions b, and 
c. 

117 



. , 102 

Significant^ differences exist among the placeholder positions 
(p < .05). Contrasting placeholder a and h and a and b combined 
compared to £, significant differences exist vith p < .0001. 
Sinc^ it was di-fficult to determine exaetlyvhat information was 
revealed by the contrast ab vs. c. It was decided to rerun the 
analysis of variance a second ttae, utilizing contrasts b vs. £ 
and be vs. a., By examining the output from both runs, information 
was revealed concerning the following contrasts— a vs. b, ab vs.'c, 
b vs. c, and be vs. a. The researcher believed an examination of 
contrasts a vs. b and b vs. e offered an accurate picture of the true 
situation. All the contrasts involving placeholder positions 
(a vs. b, ab vs. £, b vs. £, and be vs. a) are ip Appendix L, 
For b and £ combined compared to a, significant differences across 
grades exist with p < .0006. The only contrast which was not 
significant at the .05 or lower level was b compared to £. This was 
not significant at t^p .05 Igvel since p - .0792.. For the open 
sentences with whole number solutions, the mean correct for place- 
holder position a was 67.17^ percent, for b was 92.74 percent, and 
for £ was 92.78 percent. This seems to clearly indicate students' 
performance level was the lowest for placeholder a-. For the, open 
sentences with no- whole number solutions, the mean correct for' 
placeholder a was 86.38 percent, for b waa 78.19 percent, and for 
£ was 85.49 percent. For the open sentences with no whole number 
solutions, the students performance level was the lowest for place- 
holder b. If the two means for each placeholder are combined, the 
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foUowine overall meanfj reo/lt: a, ° 76, 78. percent, b ° 85,46 percent^ 
and c ^ 89.14 percent. Overall, performance level vjjs lowest for 

placeholder a. . 

These results are in agreement witfc the results from Weaver's 
(1971) ^tudy. In his study, the performance level was Consistently 
lowest for placeholder a. The performance level was highest for 
placeholder £• * 

These results are also in agreement with Grouws' (1971) study. 
Of the four open sentence types he -studied, the Student perfoinnance 
level was the lowest on the two open sentences which had the place- 
holder in the a position. These results are also in agreement with 
Suppes' (1972) results. Open sentences with the placeholder in a, 
position received the lowest percentages of correct responses. 

An examination of the third- through sixth-grade textbooks indicates 
785 multiplication open sentences had the placeholder in the a position. 
Only 103 division open sentences however had the placeholder in the a 
position. The Student performance level was the lowest for division 
open sentences with the placeholder in a position. 

When students were presented with either operation-left or operation- 
right division open sentences with the placeholder in a position, two 
response patterns clearly predominate. First ,y if one number of the 
open sentence does not divide the second number evenly, a high percentage 
of students respond with "N" — indicating no whole number solution exists. 
If one number will divide the second number evenly, a high percentage 
of the students respond with the quotient of the 2 numtJers (i.e., 
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2 - ■ :t 7, 59 percent responded "N," 6 - ■ -f 2^ only 8^ percent 

responded "N" while 50 percent responded •'3"). It appears that In 

division open sentences, ^fe^ student sees two numbers, an operation 

sign, and responds with the quotient (if a whole number quotient 

ft 

eicldts) of those two niimb^s^. It appears as if the students either 
disregard the equality sign or mentally turn the open sentence 
around for their convenience, ^ 

^ It would seem that if the teachers want students to be-able^to 
solve open sentences with the placeholders In positions £, b^, and c 
equally well, students will have to be provided with more experiences 



with division open sentences with the placeholder in the a positior^. 
5. Significant interactions existed among .the following factors: 
grade level, operation, symmetric property, and placeholder 
position. 

An examination of the 11 interactibn contrast's indicates seven 
contrasts were significant at the p < .01 level. One contrast was 
significant at the p <*.05 level. Three contrasts were not significant 
at the .05 level. 

The two-way interaction contrasts seem to have the highest 
significance levels. The three- and foun-way interactions possibly 
start canceling each pther, therefore not resulting in significant 
values. Opportunity to learn might account for some of the interaction^. 
As the grade level increases, students have had more experiences with 
some of the oijen sentence types. One would therefore expect that as 
'the grade*level Increases, the performance level on the various factors 
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would increase. One would expect significant interactions between grade 
and the other factors. * t 

For Instance, a significant interaction exis^ts between grade and 
mufiiplication and division. In the fourth grade, students have had 
little experience with division, while having had a year or two of 
experience with multiplication. By the' sixth grade, students have 
studied multiplication and division for two additional years. One 
would expect,- therefore, that as grade level increased, there would be 
a change in performance level oh multiplication and division open 
sentences. Similarly, the following interactions exist, Grade x LR, 
Grade x Placeholder, MD x LR, MD x LR x G, LR x P, ^d MD x LR x P. 
6. The perfdrmance level of subjects^n open number sentences 
which have no whole number^^^lutions was significantly 
different from the performance level of subjects on open 
^sentences which have whole number solutions.^ 
Within each grade level, the mean correct responses for the eight 
open sentence types having whole number solutions was greater than the 
mean' correct responses for the eight open sentence types having no 
whole number solutions. The Wilcoxen test indi^atd that with p < .05, sig- 
nificant differences existed between the mean correct responses offered 
to the open sentences ^havin^ whole number solutions and the mean correct 
resf)on8es to the open sentences having no Whole number solutions. This 
seem^ to indicate that student performance level is higher on open 
sentences with whole number solutions than on open sentencies with no 
whole number solutions. 

• 121 



1 

i 

) 

106 

These resulto are in agreement with tfle results from Weaver's 
(1971) study. Within grade one, percentages of correct responaes 
differed by 1 percent, being 1 percent higher for the open sentences 
with no whole number solutions. Within grades two and thr|p however 
the performance level was npticeably higher on the open sentences 
with whgle number oolutiono than on the open sentences with no^whole 
number oolutiono (grade two, 64% ^. 48%, and grade three, 77% vs. 51%). 

A partial explanation for the students higher performance level on 
open sentences with whole number solutions might be their opportunity 
to learn. There were no examples of open sentences with no whole number 
solutions within their textbooks. With one exception in the, fourth grade, 
the open sentence types with no whole number solutions were rated the 
lowest by the teachers. In other words, teachers recognized that 
students had not had much exposure to these open sentence types and 
therefore anticipated their performance level would be low. 

It would seem that, if teachers want students to be able to recognize 
open sentence^ which have no whole number solutions, experiences with 
these open sentences will have to be incorporated within the mathematics 
program. 

7. Relative to the open sentences with no whole number solutions, 
there was no significant difference between students' per- 
formance level on multiplication (division) open sentences 
in which the product (dividend) was a product of the basic 
fact, and students' performance level on multiplication 
(division) open sentences in which the "product" (dividend) 
was not a "product" of some basic fact. 
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The mean correct responses to the "not a basic fact" open sentences 
was 80.12 percent, while the mean correct responses to the "basic fact" 
open sentences was 82.88 percent. The data were tested by the Wilcoxen 
SignecL ranks test. No significant differences resulted (p < .416^). 
It appears that students can recognize both types of open sentences (no 
whole number solution open sentences whose product is a basic-fact 
product and sentences whose "product" is not a basic fact product) 
equally well. 

Recommendations for Future Research 

The results ^^orted in this thesis need to be Examined for validity 
with students of different mathematical backgrounds. The present study 
tleeds to be extended beyond the set of whole numbers. For example, would 
similar results occur if the domain was extended to include integers and 
rational numbers? In terms of instruction, this is extremely Important. 
In the elementary school, most of the student's work is with the set 
of whole numbers. Will the studetnt's ability to solve problems within the 
whole number domain be systematically carried over to the other domains? 
pr,^do students need to be guided and/or instructed in order to achieve 
a systematic transfer of knowledge to the larger number domains? 

A study is needed to explore why the results reported in this* 
investigation occurred. Placeholder position a division open sentenced 
wete answered incorrectly more often than any other open sentence t3rpe. 
■ *7=«4, ■♦2 = 7, and ■ * 9 = 8 are examples of operation-left 
^ open sentences which were answered correctly only 37 percent to 44 percent 
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oi the time. -tSt 8» ■•t 6, and 5 » ■ -f 3' are examples of 

^ operation-right open sentences which were answered correctly only 27 
percent to 31 percent of the time. Overall, placeholder position a 
received the lowest percentage of correct redponses. Is there something 
that makes this placeholder position more difficult? If the students 
had iw>re experiences with placeholder position a, wi^ld the same 
problems persist? 

Multiplication open sentences were answered correctly more frequently 
than division open sentences* Is this attributable to more experience 
with one operation than with the other^ Is th^e something intrinsically 
more difficult about the division operation? In that event, can one 
expect performance on division open sentences will always consistently 
lag behind performance on multiplication open sentences? 

Operations-left open sentences were answered correctly more fre- 
quently than operation-right open sentences. Similar questions should 
be explored to find out why students' performance leVel is higher on 
operation-left open sentences. Given more experiences with operation- 
right, would the differences in performance levels decrease? 

Two jpajor questions arc reoccurrlng. First, is student opportunity 
to learn the major factor accounting for the low performance level on 
selected open sentence types? In other words, if students regularly 
explored and solved all the open sentence types, would the performance 
levels be approxij&ately equal? Secondly, is there some intrinsic 
difficulty within some of these open sentence types which makes them 
more difficult to solve than others? 

/ 
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A study involving the '•effectiveness"' of teachingv a systematic 
method of solving various open sentence types to stu^lents would be 
of Interest also. For example, would students performance level 
improve if students were taught the factor product relationship? 
'Given two factors, the students are taught to multiply • Given a 
' factor and a product^, the students are instructed to divide in order 
to find the remaining factor. * * * 

A second method of instruction might be the "doing, undoing" 
commutativity idea. Students could be taught that a product results 
from multiplying two factors. Therefore, vif a product and a factor 
are given, one can "undo" the product by doing the opposite operation, 
^ that is, dividing. If the students learn the "doing, undoing" idea, 
can they relate one open sentence type to another successfully? 

Students could be taught independent methods for solving each 
open sentence type. Since there are 12 open sentence types, students 
could be taught 12 rules, one for solving each open sentence. 

Many unanswered questions remain concerning open multiplication 
and division sentences. Answers will come as studies investigating 
the above questions are conducted. In the mean time, teachers should 
be made aware of several things. Placeholder position needs special 
consideration. One can no longer assume that if students can solve 
open sentences with the placeholder in position b or jc, they will 
also be able to solve similar opeu sentences with the placeholder in 
a position. If teachers expect students to correctly solve placeholder 



125 



position a open sentences » specific experiences with placeholder 
position a nnist be Incorpoirated In the mathematics program. Because 
students can solve operatlon*<*'lef t open sentences Is no guarantee 
they can solve operation-right open sentences. Students need 
experiences with both types of open sentences. Students give 
correct responses to division open sentences less frequently than 
they do to multiplication open sentences. More attention and 
concern need to be given to division open sentences. 
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